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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
33 ]. This is test number [ 162 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (33) | 0.00 (0)
Mathematica | 100.00 ( 33 ) | 0.00 (0)
Fricas | 100.00 (33) | 0.00 (0)
Maple 93.94 (31) | 6.06 (2)
Giac 93.94 (31) | 6.06(2)
Maxima | 93.94 (31) | 6.06 (2)
Mupad 2727 (9) | 72.73 (24
Sympy 2727 (9) | 72.73 (24

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 72.727 0.000 0.000 27.273
Mathematica 72.727 0.000 0.000 27.273
Giac 51.515 0.000 15.152 33.333
Maple 45.455 6.061 15.152 33.333
Fricas 18.182 54.545 0.000 27.273
Maxima, 18.182 39.394 9.091 33.333
Mupad 0.000 0.000 0.000 100.000
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 2 100.00 0.00 0.00
Giac 2 100.00 0.00 0.00
Maxima, 2 100.00 0.00 0.00
Mupad 24 0.00 100.00 0.00
Sympy 24 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.25
Giac 0.29
Rubi 0.35
Maxima 0.38
Maple 0.51
Mupad 1.10
Mathematica 2.52
Sympy 5.02

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 14.89 0.92 14.00 0.90
Mupad 17.67 1.08 18.00 1.11
Giac 91.00 0.93 79.00 0.93
Mathematica | 100.91 1.07 109.00 1.13
Rubi 108.48 1.04 107.00 1.00
Maple 123.48 1.05 79.00 1.00
Maxima 249.87 2.37 123.00 1.93
Fricas 296.88 2.28 132.00 1.92

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
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1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{40 1415 [19,23}27,30, 33}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS

2.1.1 Rubi. . ... .. e e e
2.1.2 Mma. . . . . . e e
2.1.3 Maple . . . . o
2.1.4 Fricas . . . . . . . e e e
2.1.5 Maxima . . . . . .. e e e e e e e e
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad ...
2.1.8 SYympy . . . . oo e

2.1.1 Rubi

A grade { [12,5,506, 7 10,1123 16,17 (15,20, 21,22 24,25 26,25 29,5112 )
B grade {}

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.2 Mma

A grade { (12,5567 (00, 1 I3 316,715 20, 21,22, 2 2520, 25,2952
B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade {LBBBLEHMED BN
B grade {2831}

C grade { [I1}[12}[13][25][26] }

F normal fail {[5][10 }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade {[3}[8[13}[18 [22}26] }

B grade { [L5,6)/7 10{[1/[2 617 20,20, 2425, 28 B9 5132 )
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.5 Maxima

A grade {[I6/[I7[18[20,2122 }
B grade { [1,[2,3}6}[7} 8}[11}[12} 13} 28} 29} 31,32 }
C grade {[2425,26/}

F normal fail {[5}[10]}
F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac
A grade {[LEB60E 0/ 502 E)EMELE)
B grade { }

C grade { [I1}[12}[13][25][26] }
F normal fail {[5][10 }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.7 Mupad
A grade { }
B grade { }
C grade { }
F normal fail { }

F(-1) timedout fail {[12) 356, [0) 1) (2 13) 6, 7 5} 20,21 22,2 25, 26,25 29 B
52)

F(-2) exception fail { }

2.1.8 Sympy

A grade { }

B grade { }

C grade { }

F normal fail { 25,5675 011130307 15,2021, 22,21 25 25 B9 B9 B 52 )
F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 225 244 149 252 755 430 0 163 0

N.S. 1 1.08  0.66 1.12 3.36 1.91 0.00 0.72 0.00
time (sec) N/A 0.829 0.231 0.405 0.422  0.257 0.000 0.294 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 111 118 130 124 611 343 0 121 0

N.S. 1 1.06 1.17 1.12 5.50 3.09 0.00 1.09 0.00
time (sec) N/A 0.362 0.135 0.359 0.388 0.260 0.000 0.298 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 91 91 105 83 464 111 0 79 0

N.S. 1 1.00 1.15 0.91 5.10 1.22 0.00 0.87 0.00
time (sec) N/A 0.283 0.068 0.336 0.365 0.239 0.000 0.283 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 15 15 17 15 17 17 14 17 17
N.S. 1 1.00 1.13 1.00 1.13 1.13 0.93 1.13 1.13
time (sec) N/A 0.175 5.777  0.259 0.736  0.234 0.592 0.293 1.078
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 107 107 132 0 0 331 0 0 0
N.S. 1 1.00 1.23 0.00 0.00 3.09 0.00 0.00 0.00
time (sec) N/A 0.264 0.445 0.000 0.000  0.255 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 246 152 244 834 467 0 167 0
N.S. 1 1.08 0.67 1.07 3.67 2.06 0.00 0.74 0.00
time (sec) N/A 0.822 0.230 0.382 0439 0.254 0.000 0.285 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 112 119 134 120 674 385 0 123 0
N.S. 1 1.06 1.20 1.07 6.02 3.44 0.00 1.10 0.00
time (sec) N/A 0.363 0.132 0.422 0.402 0.261 0.000 0.282 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 91 91 109 79 512 115 0 81 0
N.S. 1 1.00 1.20 0.87 5.63 1.26 0.00 0.89 0.00
time (sec) N/A 0.277 0.068 0377  0.361 0.254 0.000 0.271 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 22 21 14 18 18
N.S. 1 1.00 1.12 1.00 1.38 1.31 0.88 1.12 1.12
time (sec) N/A 0.176 6.641 0.287  0.717  0.249 0.603 0.280 1.117
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 108 108 136 0 0 371 0 0 0
N.S. 1 1.00 1.26 0.00 0.00 3.44 0.00 0.00 0.00
time (sec) N/A 0.260 0.499 0.000 0.000  0.250 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 66 119 72 75 183 127 0 53 0
N.S. 1 1.80 1.09 1.14 2,77 1.92 0.00 0.80 0.00
time (sec) N/A 0.556 0.112 0.342 0.273 0.266 0.000 0.286 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 52 57 75 49 123 108 0 43 0
N.S. 1 1.10 1.44 0.94 2.37 2.08 0.00 0.83 0.00
time (sec) N/A 0.291 0.053 0.391 0.268  0.255 0.000 0.278 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 39 24 25 9 16 0 21 0
N.S. 1 1.00 0.62 0.64 241 0.41 0.00 0.54 0.00
time (sec) N/A 0.231 0.019 0.391 0.258  0.254 0.000 0.275 0.000
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 13 13 15 11 13 13 12 13 13
N.S. 1 1.00 1.15 0.85 1.00 1.00 0.92 1.00 1.00
time (sec) N/A 0.165 6.331 0.243 0.648 0.239 0.585 0.268 1.086
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 13 13 15 11 13 13 14 13 13
N.S. 1 1.00 1.15 0.85 1.00 1.00 1.08 1.00 1.00
time (sec) N/A 0.397 8.128 0.262 0476 0.264 0.418 0.285 1.106

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 268 268 176 281 294 766 0 182 0

N.S. 1 1.00 0.66 1.05 1.10 2.86 0.00 0.68 0.00
time (sec) N/A 0.468 0.540 0.847 0301  0.261 0.000 0.287 0.000

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 136 136 155 141 200 648 0 142 0

N.S. 1 1.00 1.14 1.04 1.47 4.76 0.00 1.04 0.00

time (sec) N/A 0.290 0.271 1.058 0.278 0.257 0.000 0.270 0.000

Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 110 110 140 94 96 128 0 94 0

N.S. 1 1.00 127  0.85 0.87 1.16 0.00 0.85 0.00

time (sec) N/A 0.249 0.100 0.697 0.265 0.249 0.000 0.284 0.000

Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 17 17 19 17 51 19 15 19 19

N.S. 1 1.00 112 100 300 112 08 112 112
time (sec) N/A 0213 12589 0.254 0.352 0253 0.764 0.303 1.105

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 29

Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 268 268 181 273 322 843 0 186 0

N.S. 1 1.00 0.68 1.02 1.20 3.15 0.00 0.69 0.00
time (sec) N/A 0.455 0.518 0.725 0.301  0.249 0.000 0.286 0.000

Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 136 136 159 137 216 730 0 144 0

N.S. 1 1.00 1.17 1.01 1.59 5.37 0.00 1.06 0.00
time (sec) N/A 0.285 0.292 0.696 0.285  0.254 0.000 0.287 0.000

Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 110 110 144 90 96 132 0 96 0

N.S. 1 1.00 1.31 0.82 0.87 1.20 0.00 0.87 0.00

time (sec) N/A 0.260 0.123 0.665 0.271  0.257 0.000 0.280 0.000

Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 51 22 15 20 20

N.S. 1 1.00 111 1.00 2.8 122 083 111 111
time (sec) N/A 0.209 14.141 0245 0352 0243 0.755 0.304 1.090

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A C B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 68 99 7 113 268 0 61 0

N.S. 1 1.00 1.46 1.13 1.66 3.94 0.00 0.90 0.00
time (sec) N/A 0.268 0.158 0.799 0304 0.261 0.000 0.276 0.000

Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C C B F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 88 75 121 307 0 70 0

N.S. 1 1.00 1.17 1.00 1.61 4.09 0.00 0.93 0.00
time (sec) N/A 0.238 0.162 0.786 0316 0.253 0.000 0.275 0.000

Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 56 56 48 49 45 41 0 42 0

N.S. 1 1.00 086  0.88 0.80 0.73 0.00 0.75 0.00

time (sec) N/A 0.214 0.057 0.700 0.269  0.249 0.000 0.281 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 15 15 17 13 43 15 14 15 15

N.S. 1 1.00 113 087 287 100 093 100 1.00
time (sec) N/A 0.204 13.851 0.320 0.325 0.245 0.681 0.289 1.092

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 261 269 194 460 536 634 0 227 0

N.S. 1 1.03 0.74 1.76 2.05 2.43 0.00 0.87 0.00
time (sec) N/A 0.862 0.400 0.635 0369 0.260 0.000 0.290 0.000

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 128 127 146 200 254 413 0 139 0

N.S. 1 099 1.14 1.56 1.98 3.23 0.00 1.09 0.00
time (sec) N/A 0.382 0.187 0.336  0.281  0.253 0.000 0.282 0.000

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 19 19 21 19 21 21 17 21 21

N.S. 1 1.00 111 100 111 111 089 111  1.11

time (sec) N/A 0.180 3.104 0418 0.670 0.237 0509 0.288 1.138

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 311 311 240 528 601 1142 0 263 0

N.S. 1 1.00 0.77 1.70 1.93 3.67 0.00 0.85 0.00
time (sec) N/A 0.588 0.949 0903 0459 0.271 0.000 0.294 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 160 160 177 231 299 7 0 165 0
N.S. 1 1.00 1.11 1.44 1.87 4.86 0.00 1.03 0.00
time (sec) N/A 0.346 0.467 0.725 0.365 0.273 0.000 0.291 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 21 21 23 21 72 23 19 23 23
N.S. 1 1.00 1.10 1.00 3.43 1.10 0.90 1.10 1.10
time (sec) N/A 0.230 6.414 0477 0.355 0.247 40.258 0.328 1.122

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [11] had the largest
ratio of [.769230999999999998]

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma.blize.d integrand ummber of rules
# | grade ic:é)j uzi:e antlfaicr;;’::ve leaf size integrand leaf size
i | A 10 10 1.08 15 0.667
2l | A 5 5 1.06 13 0.385
3| A 4 4 1.00 11 0.364
N/A 1 0 1.00 15 0.000
5 | A 1 1 1.00 33 0.030
6 | A 10 10 1.08 16 0.625
7] A 5 5 1.06 14 0.357
8 | A 4 4 1.00 12 0.333
9 | N/A 1 0 1.00 16 0.000
10| A 1 1.00 35 0.029
11| A 10 10 1.80 13 0.769
12/ A 5 5 1.10 11 0.455
3| A 4 4 1.00 9 0.444
N/A 1 0 1.00 13 0.000
N/A 6 0 1.00 13 0.000
16| A 2 2 1.00 17 0.118
17| A 2 2 1.00 15 0.133
g | A 2 2 1.00 13 0.154
N/A 2 0 1.00 17 0.000
20| A 2 2 1.00 18 0.111
21| A 2 2 1.00 16 0.125
22| A 2 2 1.00 14 0.143
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page
number of number of normalized integrand ber of rul
# | grade sheps widuie | anfiderivative |t e tegrand leaf size
N/A 2 0 1.00 18 0.000
24| A 2 2 1.00 15 0.133
25| A 2 2 1.00 13 0.154
26| A 2 2 1.00 11 0.182
N/A 2 0 1.00 15 0.000
28| A 10 10 1.03 19 0.526
29| A 5 5 0.99 17 0.294
N/A 1 0 1.00 19 0.000
31| A 2 2 1.00 21 0.095
32| A 2 2 1.00 19 0.105
N/A 2 0 1.00 21 0.000

2.3. Detailed conclusion table specific for Rubi results
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3.9
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3.13
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3.15
3.16
3.17
3.18

3.19
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3.22
3.23
3.24
3.25
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3.27

Ja?sinh(a+bz+cz®)dr . . ... ...

[ zsinh (a + bz + cz?) dz

[ sinh (a + bz + cz?) dz
f sinh(a+:c):c+cz2) dz

f _bcosh(a-:;bm+cm2) + sinh(a,-l;:b2z+cz2)> dx

Ja?sinh(a+bz—cx?)dz. .. ... ...

[zsinh(a+bx —cz?)dz . . ... ..
[ sinh (a + bz — cz?) dz
f sinh (a+bz—cx?) dx

f _bcosh(a+bx—ca:2) + sinh(a+bx—cac2)> dx

[a?sinh (3 + & + 2?) dz

[xsinh (; +z+2?) dz

[sinh (} 4+ z + 2?) dz
sinh (§+z+2?) dr

f sinh(%:—;x—i-ﬁ) do
[ x%sinh® (a + bz + cz?) dx
[zsinh® (@ +bx+cz?)dz . . . . . ..

[sinh?® (@ +br +cx®)dz. . . . .. ..
f sinh? (a-{;bx—i—cxz) dx

[ z*sinh? (a + bz — c2?) dz

[zsinh?(a+bz—cx?)dx . . . . .
[sinh® (@+bx —cz®) dT. . . . .

fwdx ...........
[a?sinh® (A +z+22)ds . ... ...

fxsinh2 (L—l1 +z+ :v2) dz
[sinh?® (3 +z 4+ 2?) d
f sinh2(%+m+$2) d.’L'

x
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328 [(d+ezx)®sinh(a+br+cz®)dz . . ... ... 1851
329 [(d+ex)sinh(a+bz+cx®)dr. ... ... ... 1951
3.30 IR G 20T
331 [(d+ex)?sinh®(a+br+cx®)dr. . . . ... 2051
332 [(d+ex)sinh®(a+br+cr?)dr . . . ... 212
333 [ snbi(etbotest) gy MK
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3.1 [ z*sinh (a + bz + cx?) dx

3.1.1 Optimalresult . . . ... ... .. . 37
3.1.2 Mathematica [A] (verified) . . . . . ... ... .. oo 37
3.1.3 Rubi [A] (verified) . . . .. ... .. 38
3.1.4 Maple [A] (verified) . . . . .. ... ... (41
3.1.5  Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 42
3.1.6 Sympy [F] . . . . 42
3.1.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 43]
3.1.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 44
3.1.9 Mupad [F(-1)] . . . . o o 44

3.1.1 Optimal result

Integrand size = 15, antiderivative size = 225

bcosh (a + bx + cx?) L2 cosh (a + bz + cx?)

/wzsinh (a+bz+cz?) do = —

4c2? 2c
b2e—a+% ﬁerf<b-2i-\2/%x> —at+2 i \/_erf(b-i-Zcx)
B 16¢5/2 B 8c3/2
\/_erﬁ ( b+2cx > \/_erﬁ ( b+2cz )
+ 16c5/2 8¢3/2

output | -1/4*b*cosh (c*x~2+b*x+a)/c~2+1/2*x*cosh(c*x"~2+b*x+a) /c-1/16*b"2xexp(-a+1/4
*b~2/c) xerf (1/2x (2*c*x+b) /c~(1/2))*Pi~(1/2) /c~(5/2)-1/8*exp(-a+1/4*xb~2/c) *
erf (1/2% (2*cxx+b) /c~(1/2))*Pi~(1/2)/c~(3/2)+1/16*b"2*exp(a-1/4*%b"2/c) *erfi
(1/2%(2%c*x+b) /c~(1/2))*Pi~(1/2) /c~(5/2)-1/8*exp(a-1/4%b~2/c) *erfi (1/2% (2%
c*x+b) /c~(1/2))*Pi~(1/2) /c~(3/2)

3.1.2 Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.66

/x2 sinh (a + bz + cz?) dz

41/c(—b + 2cx) cosh(a + z(b + cx)) + (b* + 2c) \/_erf(b”c“’) <— cosh (a — —) + sinh ( ;)) + (b?-

16¢5/2

3.1.  [z®sinh(a+ bz + c2?) dz
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input‘ Integrate [x"2*Sinh[a + b*x + c*x~2],x] ‘

output‘f(ll*Sqrt [cI*(-b + 2xc*x)*Cosh[a + x*x(b + c*x)] + (b"2 + 2%c)*Sqrt [Pi]*Erf [(
‘b + 2%c*x)/(2*%Sqrt[c])]*(-Cosh[a - b"2/(4*c)] + Sinh[a - b~"2/(4*c)]) + (b~
‘2 - 2xc)*Sqrt [Pil*Erfi[(b + 2*c*x)/(2*Sqrt[c])]*(Cosh[a - b"2/(4*c)] + Sin
Lh[a - b72/(4%c)1))/(16%c~(5/2))

|

3.1.3 Rubi [A] (verified)

Time = 0.83 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.08,

_ _ number of rules
number of steps used = 10, number of rules used = 10, integrand size = 0.667, Rules

used = {5909, 5898, 2664, 2633, 2634, 5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:c2 sinh (a + bz + c:v2) dz

| 5909
b [ zsinh (cz? + bz +a)dz  [cosh(ca® + bz +a)dx L7 cosh (a + bz + cz?)
2c 2c 2c
| 5898
1 [emea?~bo—agy 4 1 [ e’ tbotagy b [ gsinh (cz? + bz +a)de  zcosh (a+ bz + cz?)
- 2c - 2c * 2c
| 2664
2 cT cx
%e%_“f — i) + 3 e ic fe(b+ic " do _ bJzsinh (cz® +br +a)da
2c 2c
z cosh (a + bz + cz?)

2c

| 2633

2
L (b+20w) ﬁe“_?ﬁerﬁ b+2ff
_% e [e z + 4\/5<2\[)_bfacsinh(cacz+bx+a)daz+wcosh(a+ba:+cm2)
2c 2c 2c
| 2634
2
VT ofe—oert brocn Ve~ fcerfi bracn
_bfxsinh(cm2+bw+a)dx_ 4\/5( )+ 4ﬁ<2f> +:ccosh(a+bw+cw2)
2c 2c 2c

3.1.  [z®sinh(a+ bz + c2?) dz
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b+2cx
2

S

)

lsmm
2 . 2 ST %Ec*aerf<b+2cz> N “%éerﬁ(
b(cosh(a+bz+c:c ) _ b[sinh(cz +bw+a)dz> e ) e
2c 2% B 1ve 7
2c 2
x cosh (a + bz + CIQ)
2c
l 5897
b cosh (a+bz-+ca?) b(% fecz2+bz+adz_% fe—cmz—bz—adm>
2c o 2c
2 ) 2c
vrefecerf(tie) | vreteerfi(*iZe) 2
44/c /e z cosh (a + bz + cz?)
+
2c 2¢
l 2664

b2 (b+2cx)? b2 (b+2cx)?
b %e“_ﬂ Je e dx—%eﬂ_“fe_ ic  dx
cosh(a—l—bx-l—cxz) .

b 2c 2c

2c

vrekererf(tt) | e eerfi(bg2e)
ive + W +a:cosh(a+b:c+cw2)
2c 2c
l 2633
b2
«e“_ﬂerﬁ bt2cx cz)2
b(f 4ﬁ< Bl )—éeﬁ_afe_%da
b cosh(a+b:c+cm2)
2c - 2c
\ ) 2c
Vredeoerf(b2e)  meodcerfi( b2
ive + W +xcosh(a+bx+cw2)
2 2c
l 2634

_|_

3.1.  [z®sinh(a+ bz + c2?) dz
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2/c c

v?e“—%%erﬁ(b+acz) vﬁeii—“erf(bgjﬁz)]

b
b cosh (a+bz+cz2) (

4./c 4v/c
2c - 2c
B b2 b2 2c .
vrede—cerf(bf2e)  metacerfi(bpZe
( 2y/e ) + ( 2/ ) x cosh (a + bx + cz?
4\/5 4\/5 + + +
2 2c

input‘Int[x‘2*Sinh[a + b*x + cxx"2],x]

output | (xxCosh[a + b*x + c*x72])/(2*c) - ((E"(-a + b~2/(4*c))*Sqrt[Pi]*Erf[(b + 2
xc*x) / (2xSqrt[c])])/(4*Sqrt[c]l) + (E~(a - b"2/(4*c))*Sqrt[Pi]*Erfil[(b + 2%
c*xx)/(2xSqrt[c])])/(4%Sqrt[c]))/(2*c) - (b*(Cosh[a + b*x + c*x~2]/(2%c) -

(bx(-1/4*(E~(-a + b2/ (4x*c))*Sqrt [Pi]*Erf[(b + 2%c*x)/(2*Sqrt([c])])/Sqrtlc
1 + (E"(a - b"2/(4*c))*Sqrt [Pi]*Erfi[(b + 2%c*x)/(2*Sqrt[c])])/(4*Sqrt[cl)
))/(2%c)))/(2%c)

3.1.3.1 Defintions of rubi rules used

rule 2633 Int [(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Exrfil[(c + d*x)#*Rt[b*Logl[F], 2]1]1/(2*d*Rt[b*Logl[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

rule 2634 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Logl[Fl, 21)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl

rule 2664 Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b2/
(4%c))  Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

ruka5897‘Int[Sinh[(a_.) + (b_)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~
‘(a + bxx + c*x72), x], x] - Simp[1/2 Int[E"(-a - b*x - c*x~2), x], x] /;
‘FreeQ[{a, b, c}, x]

—

3.1.  [z®sinh(a+ bz + c2?) dz
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rule 5905

rule 5909
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Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E"~
(a + brx + cxx™2), x1, x] + Simp[1/2  Int[E™(-a - bxx - cxx"2), x, x] /;
FreeQ[{a, b, c}, x]

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symboll

:> Simp[e*(Cosh[a + b*x + c*x"2]/(2%c)), x] - Simp[(b*e - 2*c*d)/(2*c) I
nt[Sinh[a + b*x + c*x72], x], x] /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b*e -
2%cxd, 0]

Int[((d_.) + (e_.)*(x_)) " (m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sy
mbol] :> Simp[ex(d + e*x)~(m - 1)*(Cosh[a + b*x + c*x72]/(2%c)), x] + (-Sim
pl(b*e - 2*cxd)/(2%c) Int[(d + e*x)"(m - 1)*Sinh[a + b*x + c*x72], x], x]
- Simp[e™2*%((m - 1)/(2*c)) Int[(d + exx)"(m - 2)*Cosh[a + b*x + c*x"2],

x], x]) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*c*d, O]

3.1.4 Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.12

method | result

re

risch — —
4c 8c? 160% 80%

dac—b? dac—b?
ez br—a be—cai—bz—a b2\/me” “Ic erf(\/Ex—l—zf’/E) Ve~ T erf(\/Ex—i—Q\b/E) "

-

input Lint (x~2*sinh (c*x~2+b*x+a) ,x,method=_RETURNVERBOSE)

output

~—

1/4/cxxxexp (-c*x~2-b*x-a)-1/8%b/c~2*exp(-c*x"2-b*x-a)-1/16%b"2/c~(5/2) *Pi~
(1/2) *exp(-1/4% (4*a*xc-b~2) /c)*erf (c~(1/2) *x+1/2*b/c~(1/2))-1/8/c~(3/2)*Pi~
(1/2) *exp(-1/4* (4xa*c-b~2) /c) *erf (¢~ (1/2) *x+1/2xb/c~(1/2))+1/4/c*x*exp (c*x
“2+b*x+a)-1/8%b/c”2%exp (cxx~2+b*x+a)-1/16%b~2/c"2*Pi~ (1/2) *exp (1/4* (4*a*c-
b~2)/c)/(-c)~(1/2) *erf (- (-c)~(1/2) *x+1/2%b/ (-c)~(1/2))+1/8/c*Pi~ (1/2) *exp(
1/4x(4xaxc-b~2)/c)/(-c)~(1/2) *erf (- (-c)~(1/2) *x+1/2*b/(-c)~(1/2))

3.1.  [z®sinh(a+ bz + c2?) dz
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3.1.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 430 vs. 2(169) = 338.

Time = 0.26 (sec) , antiderivative size = 430, normalized size of antiderivative = 1.91

/w2 sinh (a + bz + cz2) dx

4¢%z + 2 (2 2z — be) cosh (ca? + br + a)” — \/E<(b2 — 2¢) cosh (cz? + bz + a) cosh (—bzz—i“c> + (b* -2

input‘integrate(x“2*sinh(c*x“2+b*x+a),x, algorithm="fricas")

output | 1/16x(4xc~2+x + 2x(2*c~2%x - bxc)*cosh(c*x™2 + bxx + a)~2 - sqrt(pi)*((b~2
- 2%c)*cosh(c*x"2 + b*x + a)*cosh(-1/4%(b~2 - 4xaxc)/c) + (b~2 - 2*c)*cos
h(c*x"2 + b*x + a)*sinh(-1/4*(b"2 - 4*a*c)/c) + ((b™2 - 2xc)*cosh(-1/4* (b~
2 - 4x%axc)/c) + (b™2 - 2*c)*sinh(-1/4%(b"2 - 4*axc)/c))*sinh(c*x"2 + b*x +
a))*sqrt(-c)*erf (1/2*(2*c*x + b)*sqrt(-c)/c) - sqrt(pi)*((b~2 + 2xc)*cosh
(c*x™2 + b*x + a)*cosh(-1/4*(b"2 - 4*ax*c)/c) - (b"2 + 2*c)*cosh(c*x"2 + bx*
X + a)*sinh(-1/4%(b~2 - 4x*axc)/c) + ((b~2 + 2xc)*cosh(-1/4*(b"2 - 4*axc)/c
) - (b72 + 2%c)*sinh(-1/4%(b~2 - 4*a*c)/c))*sinh(c*x”2 + b*x + a))*sqrt(c)
xerf (1/2%(2xc*x + b)/sqrt(c)) + 4x(2*c™2xx - bxc)*cosh(c*x™2 + b*x + a)*si
nh(c*x™2 + b*x + a) + 2*x(2kc™2*x - bkc)*sinh(c*x™2 + b*xx + a)~2 - 2*bxc)/(
c~3*%cosh(c*x™2 + b*x + a) + c~3*sinh(c*x"2 + b*x + a))

3.1.6 Sympy [F]

/x2 sinh (a + bz + cx2) dr = /x2 sinh (a + bx + czz) dx

~—

input Lintegrate (x**2*sinh (cxx**2+b*x+a) ,x)

i

-

output Integral (x**2*sinh(a + b*x + cxx**2), x)

3.1.  [z®sinh(a+ bz + c2?) dz
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3.1.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 755 vs. 2(169) = 338.

Time = 0.42 (sec) , antiderivative size = 755, normalized size of antiderivative = 3.36

/ z? sinh (a + bx + ca:2) dxr = Too large to display

;
input‘integrate(x‘2*sinh(c*x‘2+b*x+a),x, algorithm="maxima")

output | 1/3*x~3*sinh(c*x"2 + bxx + a) + 1/96*(sqrt(pi)*(2*c*x + b)*b~3*(erf (1/2*sq
rt(-(2*c*x + b)~2/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(7/2)) - 6*b~2*e~(1/4
*(2xcxx + b)"2/c)/c”(5/2) - 12%(2*c*x + b) "3xbxgamma(3/2, -1/4*(2*cxx + b)
~2/c)/((-(2xc*x + b)~2/c)~(3/2)*c~(7/2)) + 8xgamma(2, -1/4*(2*c*x + b)~2/c
)/c~(3/2))*b*e~(a - 1/4*%b~2/c)/sqrt(c) - 1/96*(sqrt(pi)*(2*c*x + b)*b~4*(e
rf (1/2*sqrt (-(2xcxx + b)~2/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(9/2)) - 8*b
“3xe” (1/4%(2%c*x + b)~2/c)/c”(7/2) - 24x(2*cxx + b) "3*b~2xgamma(3/2, -1/4x%
(2xcxx + b)"2/c)/((-(2%c*x + b)~2/c)~(3/2)*c~(9/2)) + 32*b*gamma(2, -1/4%(
2xcxx + b)~2/c)/c”(5/2) - 16%(2*c*x + b) “bxgamma(5/2, -1/4*(2*c*x + b)~2/c
)/ ((-(2%c*x + b)~2/c)~(5/2)*c~(9/2)))*sqrt(c)*e”(a - 1/4*%b~2/c) + 1/96%(sq
rt(pi)*(2xc*x + b)*b~3*(erf (1/2*sqrt ((2*c*x + b)~2/c)) - 1)/(sqrt((2*c*x +
b)~2/c)*(=c)~(7/2)) + 6*xb~2*c*e” (-1/4%(2*c*x + b)~2/c)/(-c)~(7/2) - 12*%(2
xc*x + b) " 3*bxgamma(3/2, 1/4*(2xc*x + b)~2/c)/(((2*cxx + b)~2/c)~(3/2)*(-c
)"(7/2)) + 8*c™2*gamma(2, 1/4*(2xc*x + b)~2/c)/(-c)~(7/2))*b*e~(-a + 1/4%Db
~2/c)/sqrt(-c) + 1/96%(sqrt(pi)*(2*c*x + b)*b~4*(erf (1/2*sqrt((2*c*x + b)~
2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(9/2)) + 8xb~3*xc*e” (-1/4*(2*c*x + b
)72/¢c)/(-c)~(9/2) - 24%(2%c*x + b)~3*b~2*gamma(3/2, 1/4*(2*cxx + b)~2/c)/(
((2%cxx + b)~2/c)~(3/2)*%(-c)~(9/2)) + 32*bxc~2*gamma(2, 1/4*(2*c*x + b)~2/
c)/(-c)~(9/2) - 16x(2*c*x + b) “bkxgamma(5/2, 1/4*(2xcxx + b)~2/c)/(((2*c*x

+ b)72/c)"(6/2)*(-c)~(9/2)))*c*e”(-a + 1/4xb~2/c)/sqrt(-c)

N

3.1.  [z®sinh(a+ bz + c2?) dz
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3.1.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.72

/x2 sinh (a + bx + czz) dz
b2—4ac
ﬁ(b2+20) erf(—%ﬁ<2m+g))e( 1c )
N

+2(c(23+8) —2b)el-cr*~bza)

16 ¢2
Vv (b?2—2c) erf(—l \/fc<2z+k)>e<_%)
= —2(c(2z + %) — 2b) el +bota)
- 16 c?

inputLintegrate(x‘2*sinh(c*x‘2+b*x+a),x, algorithm="giac")

output‘1/16*(sqrt(pi)*(b“2 + 2xc)*erf (-1/2*%sqrt(c)*(2*xx + b/c))*e”(1/4x(b"2 - 4x*a
(%c)/c)/sqrt(c) + 2%(ck(2xx + b/c) - 2xb)*e~(-c*x"2 - b¥x - a))/c™2 - 1/16%
‘(sqrt(pi)*(b“Q - 2xc)xerf (-1/2*sqrt(-c)*(2*x + b/c))*e”(-1/4x(b~2 - 4x*a*c)
‘/c)/sqrt(-c) - 2%(c*x(2*xx + b/c) - 2+b)*e~(c*x"2 + b*x + a))/c™2

3.1.9 Mupad [F(-1)]
Timed out.

/xzsinh (a+ bz +cz?) dz = /zzsinh(cz2+bx+a) dx

inputtint(x‘2*sinh(a + b*xx + c*x”2),x)

outputtint(x“2*sinh(a + b*x + c*x"2), x)

3.1.  [z®sinh(a+ bz + c2?) dz
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3.2 [ xsinh (a + bz + cx?) dz

3.21 Optimalresult . .. ... ... .. . 451
3.2.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 45
3.2.3 Rubi [A] (verified) . . . .. ... . 16
3.24 Maple [A] (verified) . . . . ... .. .. 47
3.2.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... 48
3.2.6 Sympy [F] . . . . 48]
3.2.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 49
3.2.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 50
3.29 Mupad [F(-1)] . . . . o o Bl

3.2.1 Optimal result

Integrand size = 13, antiderivative size = 111

be~ot1c \/_ erf( bF2e
, 0 _ cosh (a + bz + cz?) <
/:csmh(a—i—bx-l—cx)dx— 2c + o3/
\/_erﬁ <b+2cz>
o ]¢3/2

output ‘(1/2*cosh(c*x‘2+b*x+a) /c+1/8*bxexp(-a+1/4*xb~2/c) *erf (1/2x (2*c*x+b) /c~(1/2))
‘*Pi“(1/2)/c“(3/2)—1/8*b*exp(a—1/4*b“2/c)*erfi(1/2*(2*c*x+b)/c“(1/2))*Pi‘(1
L/Q)/c‘(3/2)

~

3.2.2 Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.17

/xsinh (a+ bz +cz?) dx

_ 4+/ccosh(a + z(b+ cx)) + b\/_erf(b"‘m’) <cosh (a — %i) — sinh <a — —)) — b\/_erﬁ(b“'?c‘”) <cosh (a

803/2

input Integrate[x*Sinh[a + b*x + c*x~2],x]

32.  [zsinh(a+ bz + cz?) dz
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output‘ (4xSqrt[c]*Cosh[a + x*(b + c*x)] + b*Sqrt[Pi]*Erf[(b + 2*c*x)/(2*Sqrt[c])]
‘*(Cosh[a - b~2/(4%c)] - Sinh[a - b"2/(4*c)]) - bxSqrt[Pi]*Erfil[(b + 2%c*x)
‘ /(2xSqrt[c])]*(Cosh[a - b"2/(4*c)] + Sinh[a - b~2/(4%c)]))/(8*c~(3/2))

3.2.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.06,
number of steps used = 5, number of rules used = 5, Lumber of rules _ ( 385 Ryjeg used

integrand size
= {5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:v sinh (a + bz + ca:2) dz

lsmm
cosh (a + bz + cz?) b [sinh (cz? + bz +a) dz
2c - %2
l 5897
cosh (a + bx + sz) b(% f ew2+bm+adm — % f e—cmz—bm—adx)
2c B 2¢
l 2664

2
%e“_ﬁ Je i dz— %eﬁ_“fe e da:)
2c - 2c
l 2633

b (b-f—2z::1:)2 b2 _ (b+2c:1:)2
cosh (a + bx + cx2)

a— b2 CcT
b N Eerﬁ(b;fﬁ ) B le%—afe—(“ii’”Q i
4/c 2
cosh (a + bx + cwz)

2c 2c
l 2634

2

ﬁe”‘?rcerﬁc”“) ﬁe%%—aerf< "+2“)>
2./c _ 2,/c

b
cosh (a + bx + cw2) ( e e

2c 2c

input‘ Int [x*Sinh[a + b*x + c*x~2],x]

32.  [zsinh(a+ bz + cz?) dz
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output‘Cosh[a + b*x + c*xx"2]/(2%c) - (b*(-1/4*(E~(-a + b~2/(4*c))*Sqrt [Pil*Erf[(b ‘
|+ 2xcxx)/(2+8qrt[c])1)/Sqrtlc] + (E™(a - b~2/(4%c))*Sqrt [Pil+Erfil(b + 2« |
|cxx)/(2+Sqrt [c])1)/ (4*Sqrt [c])))/ (2%c) |

3.2.3.1 Defintions of rubi rules used

ruk32633/Int[(F_)‘((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)#*Rt[bxLogl[F], 211/(2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

rule 2634 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Logl[Fl, 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

rule 2664 Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b2/
(4xc)) Int[F~((b + 2*c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

rule 5897 Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E"
(a + b*x + c*x”2), x], x] - Simp[1/2 Int[E~(-a - b*x - c*x~2), x], x] /;
FreeQ[{a, b, c}, x]

rule 5905 Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[e*(Cosh[a + b*x + c*x72]/(2%c)), x] - Simp[(b*e - 2*c*d)/(2*c) I
nt[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe -
2%cxd, 0]

3.2.4 Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.12

method | result size
4¢J.t','—b2 4ac—b2
. —ez2_bz—a by/me 4  erf(/cxz+s2= cotbota byme 4 erf(—v/—cz+—2—
risch S 4cb + 3< 'NE) 4 e Z” A ( 2\/?‘:) 194
8c3 c 8cy/—c
inputLint(x*sinh(c*x”2+b*x+a),x,method=_RETURNVERBOSE) J

32.  [zsinh(a+ bz + cz?) dz
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output‘1/4/c*exp(—c*x“2—b*x—a)+1/8*b/c“(3/2)*Pi“(1/2)*exp(-1/4*(4*a*c—b“2)/c)*erf
(¢ (1/2)%x+1/2¥b/c™ (1/2))+1/4/c*exp (c¥x~2+b¥x+a) +1/8%b/c*Pi” (1/2) *exp(1/4x
| (4xaxc-b~2)/c)/(-c) " (1/2)*ert (~(-c) " (1/2) *x+1/2%b/ (-c)~ (1/2)) |

3.2.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 343 vs. 2(83) = 166.

Time = 0.26 (sec) , antiderivative size = 343, normalized size of antiderivative = 3.09

/msinh (a + bz + ch) dx

2ccosh (ca? + bz +a)’ + ﬁ<b cosh (cz? 4 bz + a) cosh <_b22iac> + bcosh (cz? + bz + a) sinh <_ e

inputLintegrate(x*sinh(c*x”2+b*x+a),x, algorithm="fricas") J

output | 1/8%(2*c*cosh(c*x"2 + b*x + a)~2 + sqrt(pi)*(b*cosh(c*x™2 + b*x + a)*cosh(
-1/4%(b"2 - 4*xaxc)/c) + b*cosh(c*x™2 + b*x + a)*sinh(-1/4%(b"2 - 4xaxc)/c)
+ (b*cosh(-1/4%(b~2 - 4*axc)/c) + b*sinh(-1/4%(b"2 - 4*axc)/c))*sinh(c*x”
2 + bxx + a))*sqrt(-c)*erf (1/2*x(2*c*x + b)*sqrt(-c)/c) + sqrt(pi)*(b*cosh(
c*x”2 + b*x + a)*cosh(-1/4*(b"2 - 4*a*c)/c) - b*cosh(c*x™2 + b*x + a)*sinh
(-1/4%(b"2 - 4xax*c)/c) + (bxcosh(-1/4%(b"2 - 4xa*c)/c) - bxsinh(-1/4*(b~2

- 4xaxc)/c))*sinh(c*x”2 + bxx + a))*sqrt(c)*erf(1/2*(2xc*x + b)/sqrt(c)) +
4xcxcosh(c*x™2 + b*x + a)*sinh(c*x”™2 + b*x + a) + 2*c*sinh(c*x™2 + b*xx +

a)~2 + 2xc)/(c"2*cosh(c*x~2 + b*x + a) + c"2*sinh(c*x~2 + b*x + a))

3.2.6 Sympy [F]

/xsinh (a+ bz +cz?) doz = /xsinh (a+ bz + cz?) dz

-/

inputLintegrate(x*sinh(c*x**2+b*x+a),x)

output‘Integral(x*sinh(a + bkx + cxx**2), X) ‘

32.  [zsinh(a+ bz + cz?) dz
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3.2.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 611 vs. 2(83) = 166.
Time = 0.39 (sec) , antiderivative size = 611, normalized size of antiderivative = 5.50

/zsinh (a + bx + cx2) dr = % z? sinh (cz2 + bz + a)

2 2
(2 catb)b? (m(% w/—M) -1) 4be<T@ S ) 42 cm+b)31"(%,—%) b (a=22)
_ _ e 4c

\/_Mc% c (_ (2cmc+b)2>%c%
B 32./c

2
) [ Ve + b)Y (erf (% v —@) - 1) po ) 122c0+ b)*r (3, — 5t )
+os ~ - +
32 A/ —Mc% Cg <_ (20x+b)2> % C%

2
(2 cotb)o? (erf( L4/ 2ezt0)? ) g —(2eztb)” 4(2caib)3T( 3 @eotd)? 42
2 2 4
c 4 bce c be (_a+ n)

\/M(_c)% (—c)% ((2cz+b)2>%(_c)%

+ 32+v/—c

NICo|

2
V(2 cz+b)b3 (erf(% ”M)_l) - <_%> 12 (2cx+b)3b1—«(%’(2cz-ckb)2) 8021—‘(27%) (—a—i—é
2 7 + = 7 - 3 + z ce 4
\/@(_c)g (—0)2 ((2 cz+b)2>§(_c)% (—c)2
_|_
32+ —c
inputtintegrate(x*sinh(c*x‘2+b*x+a),x, algorithm="maxima") J

32.  [zsinh(a+ bz + cz?) dz
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output | 1/2*x~2*sinh(c*x"2 + b*x + a) - 1/32*(sqrt(pi)*(2*c*x + b)*b~2x(erf (1/2*sq
rt(-(2%c*x + b)~"2/c)) - 1)/(sqrt(-(2*cxx + b)~2/c)*c”(5/2)) - 4xb*xe” (1/4x%(
2xc*x + b)~2/c)/c”(3/2) - 4x(2xc*x + b) " 3xgamma(3/2, -1/4*(2*c*x + b)~2/c)
/((=(2%c*x + b)~2/c)~(3/2)*c~(5/2)))*b*e~(a - 1/4%b~2/c)/sqrt(c) + 1/32%(s
qrt (pi)*(2*%c*x + b)*b~3*(erf (1/2*sqrt(-(2*c*x + b)~2/c)) - 1)/(sqrt(-(2xc*
X + b)72/c)*c”(7/2)) - 6xb~2%e”(1/4%(2*%c*x + b)~2/c)/c~(5/2) - 12%(2*c*x +
b) “3xbxgamma (3/2, -1/4%(2*c*x + b)~2/c)/((-(2*c*x + b)~2/c)~(3/2)*c~(7/2)
) + 8xgamma(2, -1/4%(2*c*x + b)~2/c)/c~(3/2))*sqrt(c)*e”(a - 1/4%¥b~2/c) +
1/32%(sqrt (pi) *(2%c*x + b)*b~2%(erf (1/2*sqrt ((2xc*x + b)~2/c)) - 1)/(sqrt(
(2xcxx + b)72/c)*(-c)~(5/2)) + 4xbkcke™ (-1/4*(2xc*x + b)~2/c)/(-c)~(5/2) -
4% (2*c*x + b) "3kgamma(3/2, 1/4%(2*c*x + b)~2/c)/(((2*c*x + b)~2/c)~(3/2)*
(-c)~(5/2)))*b*e"(-a + 1/4xb~2/c)/sqrt(-c) + 1/32*(sqrt(pi)*(2*c*x + b)*b~
3x(erf (1/2*sqrt ((2*c*xx + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(7/2))
+ 6*%b~2kcxe” (-1/4x(2xc*x + b)~2/c)/(-c)~(7/2) - 12%x(2*c*x + b) " 3*b*gamma (3
/2, 1/4%(2%c*x + b)~2/c)/(((2*cxx + b)~2/c)~(3/2)*(-c)~(7/2)) + 8*c~2*gamm
a(2, 1/4x(2xc*xx + b)"2/c)/(-c)~(7/2))*cxe”(-a + 1/4*%b~2/c)/sqrt(-c)

3.2.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.09

b2—4ac
ﬁberf(_%\/é(zx+g)>e< Te )_26(_cx2—bx—a)

/xsinh(a+bx+cw2) dr = — v~ 8¢
1 b _%)
ﬁberf<—§ ch(2z+;)>e +9 e(cx2+bw+a)
N V=
8c

-

input  integrate(x*sinh(c*x"2+b*x+a),x, algorithm="giac")

N\

output‘-1/8*(sqrt(pi)*b*erf(-1/2*sqrt(c)*(2*x + b/c))*e”(1/4x(b~2 - 4*axc)/c)/sqr
‘t(c) - 2%e~(-c*x"2 - bxx - a))/c + 1/8*(sqrt(pi)*b*erf (-1/2xsqrt(-c)*(2*x
L+ b/c))*e”(-1/4*(b"2 - 4xa*c)/c)/sqrt(-c) + 2xe~(c*x"2 + bxx + a))/c

32.  [zsinh(a+ bz + cz?) dz
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3.2.9 Mupad [F(-1)]
Timed out.

/J:sinh (a—l—bx—i—ca:z) dr = /xsinh(cw2+bx+a) dx

input Lint(x*sinh(a + b*x + c*x72),x)

output Lint(x*sinh(a + bxx + c*x”2), Xx)

32.  [zsinh(a+ bz + cz?) dz
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3.3 [ sinh (@ + bz + cz?) dz

3.3.1 Optimalresult . .. ... ... . .. .. H2]
3.3.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 52
3.3.3 Rubi [A] (verified) . . . .. ... .. 53
3.34 Maple [A] (verified) . .. .. ... ... byl
3.3.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... . .... 55
3.3.6 Sympy [F] . . . . 5%
3.3.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 56
3.3.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 57
3.3.9 Mupad [F(-1)] . . . . oo BT

3.3.1 Optimal result

Integrand size = 11, antiderivative size = 91

2 2
e~o+ic \/7_rerf< b'{j%"’) N o~ %o \/Terfi (%)
44/c 44/c

/sinh (a+ bz +cz?) do = —

output(—1/4*exp(—a+1/4*b“2/c)*erf(1/2*(2*c*x+b)/c‘(1/2))*Pi‘(1/2)/c‘(1/2)+1/4*exp
‘(a—1/4*b‘2/c)*erfi(1/2*(2*c*x+b)/c‘(1/2))*Pi‘(1/2)/c‘(1/2) J

3.3.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.15

/Sinh (a+ bz +cz?) dx
_ ﬁ(erf(b;\%‘”) (— cosh (a — %) + sinh (a — fﬁ)) + erﬁ(%) (cosh (a - Z—i) + sinh (a — %)))

- NG

-

input LIntegrate [Sinh[a + b*x + c*x~2],x]

-/

output ‘ (Sqrt[Pi]*(Erf[(b + 2*c*x)/(2*Sqrt[c])]*(-Cosh[a - b~2/(4*c)] + Sinh[a - b
\ ~2/(4xc)]) + Erfi[(b + 2%c*x)/(2*Sqrt[c])]*(Cosh[a - b~2/(4*c)] + Sinh[a -
b~2/(4*c)1)))/(4xSqrtcl)

N J

3.3.  [sinh(a+ bz + cz?) dz
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3.3.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 364 Ryjleg used = {5897,

integrand size
2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sinh (a+ bz + cacz) dz

l 5897
1 1
2/ecx2+bz+adw_ 2/e—ca:2—bm—adx
l 2664
CcxT 2 cxT 2
1ea_z2c/e@+ic)dw— lefc_“/e_(wzc)da:
2 2
l 2633

input‘ Int[Sinh[a + b*x + c*x~2],x]

output ‘ -1/4%(E~(-a + b~2/(4xc))*Sqrt [Pil*Erf [(b + 2%c*x)/(2*Sqrt[c])])/Sqrtlc] +

‘ (E~(a - b™2/(4%*c))*Sqrt [Pil*Erfi[(b + 2*c*x)/(2*Sqrt[c]l)])/(4*Sqrtlc])

3.3.  [sinh(a+ bz + cz?) dz



rule 2633

rule 2634

rule 2664

rule 5897

input

output
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3.3.3.1 Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)#*Rt[bxLog[F], 211/ (2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]1/(2xd*Rt[(-b)*Log[Fl, 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4xc)) Int[F~((b + 2%c*x)~2/(4%c)), x], x] /; FreeQ[{F, a, b, c}, x]

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~”
(a + b*x + c*x”2), x], x] - Simp[1/2 Int[E~(-a - b*x - c*x72), x], x] /;

FreeQ[{a, b, c}, x]

3.3.4 Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.91

method | result size

dac—b2

74ac—b2 b b
Jme 4c erf<\/5z+2—\/5> Jme 4c erf(—\/—cz—l—ﬁ)

risch — ive — yWer: 83

Lint (sinh(c*x~2+b*x+a) ,x,method=_RETURNVERBOSE)

‘—1/4*Pi“(1/2)*exp(-1/4*(4*a*c—b‘2)/c)/c“(1/2)*erf(c“(1/2)*x+1/2*b/c‘(1/2))
‘—1/4*Pi‘(1/2)*exp(1/4*(4*a*c—b‘2)/c)/(-c)‘(1/2)*erf(-(-c)‘(1/2)*x+1/2*b/(—
Lc)‘(1/2))

3.3.  [sinh(a+ bz + cz?) dz
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3.3.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.22

/sinh (a + bx + cx2) dr =

\/7_7\/—_c<cosh ( b _4“c> + sinh < %)) erf <(2°x+b)r> + \/_\/_<cosh ( p 4“) — sinh (—bz—;
B 4c

~—

inputLintegrate(sinh(c*x“2+b*x+a),x, algorithm="fricas")

output(—1/4*(sqrt(pi)*sqrt(—c)*(cosh(—1/4*(b‘2 - 4xaxc)/c) + sinh(-1/4%(b"2 - 4*a
‘*c)/c))*erf(1/2*(2*c*x + b)*sqrt(-c)/c) + sqrt(pi)*sqrt(c)*(cosh(-1/4*(b"2
‘ - 4xaxc)/c) - sinh(-1/4*(b~2 - 4x*ax*c)/c))*erf (1/2*x(2*c*x + b)/sqrt(c)))/c

———————

3.3.6 Sympy [F]

/sinh (a+ bz +cz?) do = /sinh (a+ bz + cz?) do

inputtintegrate(sinh(c*x**2+b*x+a),x) J

outputLIntegral(sinh(a + bxx + ckxx**2), x) J

3.3.  [sinh(a+ bz + cz?) dz
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3.3.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 464 vs. 2(65) = 130.

Time = 0.37 (sec) , antiderivative size = 464, normalized size of antiderivative = 5.10

ﬁ(zcm+b)b(erf(% \/@>_l> 2e(@%#2))b (-52)
— (&

T 4c
\/_ (2 ca:-}—b)2 C% \/E
c

inh b 2) dx = (
/sm (a-l— m-l—cx) T 8\/5
cz+b)2 2 cz+b)2 2
1 V(2 cx + b)b? (erf (% \/—%) - 1) 4be(( zt0) ) 4(20x+b)31—x(%,_(2cztb)

8 /_(2cx:b)2cg cs (_(2cac+b)2)g s
oo 2 _ (2ca+b)?
(ﬁ<m+b>b(erf(% VESEE) ) (o) ) oo+

) VGG(

\/M(_C)% (—c)%
+ 8v/—c
cx 2 cx
ﬁ(2cx+b)b2 (erf(% \/@)_1) N 4bce<_(2‘:#> B 4(20x+b)3f(g;W) Ce(—a-{—%)
V/Get? (L)} (—o)2 (e cz+b>2)7(_c)%
* §v/—c

+ z sinh (cac2 + bz + a)

-

inputtintegrate(sinh(c*x“2+b*x+a),x, algorithm="maxima")

. >

output | 1/8+(sqrt (pi) *(2*c*x + b)*bx(erf (1/2*sqrt(-(2*cxx + b)~2/c)) - 1)/(sqrt(-(
2xcxx + b)"2/c)*c”(3/2)) - 2%e”~(1/4*(2*cxx + b)~2/c)/sqrt(c))*bxe”(a - 1/4
*b~2/c)/sqrt(c) - 1/8x(sqrt(pi)*(2*cxx + b)*b~2*x(erf (1/2*sqrt(-(2*cxx + b)
~2/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(5/2)) - 4xbxe” (1/4x(2*cxx + b)~2/c)
/c~(3/2) - 4*%(2*c*x + b) "3xgamma(3/2, -1/4*(2*c*x + b)~2/c)/((-(2*c*x + b)
~2/c)~(3/2)*c”(5/2)) ) *sqrt(c)*e~(a - 1/4*b~2/c) + 1/8x(sqrt(pi)*(2*c*x + b
) *¥b* (erf (1/2*sqrt ((2*c*x + b)~2/c)) - 1)/(sqrt((2xc*xx + b)~2/c)*(-c)~(3/2)
) + 2%cxe”(-1/4*%(2xc*x + b)~2/c)/(-c)~(3/2))*b*e~(-a + 1/4%¥b~2/c)/sqrt(-c)
+ 1/8%(sqrt(pi)*(2*c*x + b)*b~2*(erf (1/2*sqrt((2*c*x + b)~2/c)) - 1)/(sqr
t((2%c*x + b)~2/c)*(-c)~(5/2)) + 4*xbkxc*xe” (-1/4*(2*c*x + b)~2/c)/(-c)~(5/2)
- 4%(2%c*x + b) 3xgamma(3/2, 1/4*(2*cxx + b)~2/c)/(((2*c*x + b)~2/c)~(3/2
)*(-c)~(5/2)))*c*e”(-a + 1/4*¥b~2/c)/sqrt(-c) + x*sinh(c*x~2 + b*x + a)

3.3.  [sinh(a+ bz + cz?) dz
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3.3.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.87

_ Vrerf (=1/c(2z + %)) e(;,zziac)
1ve
et (-hvTe(2a + 1) el )
1v=c

/sinh (a + bx + cx2) dx

input Lintegrate (sinh(c*x~2+b*x+a) ,x, algorithm="giac")

-/

output‘1/4*sqrt(pi)*erf(—1/2*sqrt(c)*(2*x + b/c))*e”(1/4x (b2 - 4*axc)/c)/sqrt(c)
‘ - 1/4*sqrt(pi)*erf (-1/2xsqrt(-c)*(2*x + b/c))*e”(-1/4x(b~2 - 4*a*c)/c)/sq
‘rt(—c)

3.3.9 Mupad [F(-1)]
Timed out.

/sinh (a+bz+cz?) dz = /sinh(cx2+bx+a) dx

input Lint(sinh(a + b*x + c*x72),x)

e

output tint(sinh(a + b*x + c*x72), x)

A J

3.3.  [sinh(a+ bz + cz?) dz
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3.4 f sinh (a+bz+cz?) du

i
34.1 Optimalresult . . .. ... ... ... .. . Ha]
3.4.2 Mathematica [N/A] . . . . . . . . 58]
3.43 Rubi [N/A] . . . . bYe)
3.44 Maple [N/A] (verified) . . . . . . ... .. bY¢)
3.4.5 Fricas [N/A] . . . . . e 60
3.4.6 Sympy [N/A] . . . o 60
3.4.7 Maxima [N/A] . . . . . 601
348 Giac [N/A] . . . . . 611
349 Mupad [N/A] . . o 611

3.4.1 Optimal result

Integrand size = 15, antiderivative size = 15

T T

/ sinh (a + bz + cz?) e — Tnt (sinh (a+ bz + cz?) x)

output LUnintegrable (sinh(c*x~2+b*x+a)/x,x) J

3.4.2 Mathematica [N/A]

Not integrable

Time = 5.78 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

dz

/ sinh (a + bz + cz?) gy — / sinh (a + bz + cx?)
T T

( hY

input | Integrate[Sinh[a + b*x + c*x~2]/x,x]

output LIntegrate [Sinh[a + b*x + c*x~2]/x, x] J

3.4. f sinh(a+bx+cx2) dz

T
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3.4.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {5915}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ sinh (a + bx + cx2)
T

l 5915

/ sinh (a + bx + c:cz)
T

dz

inputLInt[Sinh[a + b*x + c*x~2]/x,x]

-

output L$Aborted

~—/

3.4.3.1 Defintions of rubi rules used

rule 5915 Int[((d_.) + (e_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x)) + (c_)*(x)"2], x_S
‘ymbol] :> Unintegrable[(d + e*x) m*Sinh[a + b*x + c*x~2], x] /; FreeQ[{a, b
, ¢, d, e, m}, x]

3.4.4 Maple [N/A] (verified)
Not integrable

Time = 0.26 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/ sinh (cz? + bz + a)
T

dz

input ‘ int (sinh(c*x~2+b*x+a)/x,x)

output Lint (sinh(c*x~2+b*x+a) /x,x)

3.4. f sinh(a+bx+cx2) dx

T
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3.4.5 Fricas [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

dx

/ sinh (a + bz + cz?) dp — / sinh (cz? + bz + a)
T T

inputLintegrate(sinh(c*x“2+b*x+a)/x,x, algorithm="fricas")

output Lintegral(sinh(c*x‘? + b*x + a)/x, x)

3.4.6 Sympy [N/A]
Not integrable

Time = 0.59 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.93

dz

/ sinh (a + bz + cx?) dp — / sinh (a + bz + cz?)

T T

p
inputtintegrate(sinh(c*x**2+b*x+a)/x,x)

e—

-

output LIntegral(sinh(a + bkx + c*x**2)/x, X)

-/

3.4.7 Maxima [N/A]

Not integrable

Time = 0.74 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

dz

/ sinh (a + bz + cx?) dp — / sinh (cz? + bx + a)
T T

inputLintegrate(sinh(c*x‘2+b*x+a)/x,x, algorithm="maxima")

-/

output Lintegrate(sinh(c*x‘Q + bxx + a)/x, x)

3.4. f sinh(a+bx+cx2) dz

T
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3.4.8 Giac [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

dx

/ sinh (a + bz + cz?) dp — / sinh (cz? + bz + a)
T T

inputLintegrate(sinh(c*x“2+b*x+a)/x,x, algorithm="giac")

output tintegrate(sinh(c*x? + b*x + a)/x, x)

3.4.9 Mupad [N/A]
Not integrable

Time = 1.08 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

dz

/sinh (a + bz + cz?) i _/sinh(ca:2+bz+a)

T T

p
input tint(sinh(a + b*x + c*x72)/x,x)

e—

output| int (sinh(a + b*x + c*x~2)/x, x)

)

-/

3.4. f sinh(a+bx+cx2) dz

T
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T .’E2

35 f (_bcosh(a—l—bx+cm2) n sinh(a+bx+caz2)) du

3.5.1 Optimalresult . .. ... ... .. ... ... 621
3.5.2 Mathematica [A] (verified) . . . . . .. ... .. .. L L 62
3.5.3 Rubi [A] (verified) . . . . . ... .. 63
3.5.4 Maple [F] . . . . . o 64
3.5.5 Fricas [B] (verification not implemented) . . . . . ... ... ... ... ... . 64
3.5.6 Sympy [F] . . . . . 65
3.5.7 Maxima [F] . . .. . . 65
3.5.8 Giac [F] . . . . . 651
3.59 Mupad [F(-1)] . . . ..o o 66

3.5.1 Optimal result

Integrand size = 33, antiderivative size = 107

2 : 2
/ <_bcosh(a+bx+cx ) + smh(a—i—l;x-l—cx )) iz
T T

1

2
= 5\/56_‘”% ﬁerf(

b+ 2cx
2y/c

) + %\/Ee“_?ii \/7_rerﬁ(

b+2cz\ sinh(a+ bz + cz?)
24/c T

e B

-sinh (c*x~2+b*x+a) /x+1/2*exp(-a+1/4*b~2/c)*xerf (1/2* (2xc*x+b) /c~(1/2))*c~ (1
| /2)*Pi”(1/2)+1/2xexp(a-1/4%b~2/c)*erfi(1/2% (2*ckx+b) /¢ (1/2) ) *c™ (1/2) *Pi~ (
1/2) |

output

3.5.2 Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.23

T x2

2 - 2
/ (_bcosh(a+bx—|—cx ) N sinh (a + bz + cx )) i

B ﬁﬁxerf(%) (cosh (a - %) — sinh (a — %)) + \/Eﬁxerﬁ(b;f/?) (cosh <a — Z—i) + sinh (a - ¥
a 2z

inputLIntegrate[—((b*Cosh[a + b*x + c*x"2])/x) + Sinh[a + b*x + c*x~2]/x72,x] J

T 2

3.5. f (—bCOSh(a+bw+cx2) + Sinh(a+bx+cw2)> dr
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output | (Sqrt [c]1*Sqrt [Pil#x+Erf [(b + 2#c*x)/(2#Sqrt[c])1*(Coshla - b~2/(4%c)] - Si |

input LInt [-((b*Cosh[a + b*x + c*x~2])/x) + Sinh[a + b*x + c*x~2]/x"2,x]

output ‘( (Sqrt[c]*E~(-a + b~2/(4%*c))*Sqrt [Pil*Erf[(b + 2*xc*x)/(2%Sqrt[c]l)])/2 + (Sq

‘nhla - b™2/(4%c)]1) + Sqrt[cl*Sqrt[Pil*x+Erfil(b + 2xc¥x)/(2%Sqrt[c])]*(Cos |
\h[a - b™2/(4*c)] + Sinh[a - b™2/(4*c)]) - 2*Sinh[a + x*(b + c*x)1)/(2*x) \

3.5.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.00,

number of steps used = 1, number of rules used = 1, Bumber of rules _ 4 434 Ryles used
integrand size
— {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (sinh (a+bx+cz?) bceosh (a—i—bm—l—cwz)) J
- x
z2 z

l 2009

b+ 2cx

2y/c

b+ 2cw> sinh (a + bz + cz?)

2
;\/%\/Eeic_“erf< NG

2
) + %ﬁﬁe“_%erﬁ <

T

~—

‘rt[c]*E“(a - b~2/(4%c))*Sqrt [Pil*Erfi[(b + 2*c*x)/(2%Sqrt[c])]1)/2 - Sinh[a
‘ + b*x + cxx"2]/x

———————.

T x2

3.5. f (—bCOSh(a+bw+cx2) + Sinh(a+bx+cw2)> dr
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3.5.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.5.4 Maple [F]
2 - 2
/(_bcosh(cm +b:c—|—a)+smh(cx +bz+a))dx

T 2
inputLint(-b*cosh(c*x“2+b*x+a)/x+sinh(c*x“2+b*x+a)/x“2,x) J
outputkint(-b*cosh(c*x‘2+b*x+a)/x+sinh(c*x‘2+b*x+a)/x‘2,x) J

3.5.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 331 vs. 2(81) = 162.

Time = 0.25 (sec) , antiderivative size = 331, normalized size of antiderivative = 3.09

/(_bcosh (a+ bz + cz?) N sinh(a+ba:—l—cm2)> p

x x?
ﬁ(a: cosh (cz? 4 bz + a) cosh (—%) + z cosh (cz? + bz + a) sinh (—%) + <x cosh (—bQZ—i“

input  integrate(-b*cosh(c*x~2+b*x+a)/x+sinh(c*x~2+b*x+a)/x"2,x, algorithm="frica
S")

output | -1/2*(sqrt (pi)*(x*cosh(c*x™2 + b*x + a)*cosh(-1/4x(b~2 - 4*axc)/c) + x*cos
h(c*x"2 + b*x + a)*sinh(-1/4*(b~2 - 4*a*c)/c) + (x*cosh(-1/4*(b"2 - 4*a*c)
/c) + x*sinh(-1/4*(b"2 - 4xa*c)/c))*sinh(c*x™2 + b*x + a))#*sqrt(-c)*erf(1/
2% (2*c*x + b)*sqrt(-c)/c) - sqrt(pi)*(x*cosh(c*x~2 + b*x + a)*cosh(-1/4*(b
"2 - 4xaxc)/c) - x*cosh(c*x"2 + b*x + a)*sinh(-1/4*%(b~2 - 4xa*c)/c) + (x*c
osh(-1/4%(b"2 - 4*axc)/c) - x*sinh(-1/4*(b"2 - 4*a*c)/c))*sinh(c*x"2 + b*x
+ a))*sqrt(c)*erf (1/2%(2*c*x + b)/sqrt(c)) + cosh(c*x™2 + b*x + a)~2 + 2%
cosh(c*x™2 + b*x + a)*sinh(c*x"2 + b*x + a) + sinh(c*x™2 + b*x + a)~2 - 1)
/(x*cosh(c*x”2 + b*x + a) + x*sinh(c*x"2 + b*x + a))

T 2

3.5. f (—bCOSh(a+bw+cx2) + Sinh(a+bx+cw2)> dr



CHAPTER 3. LISTING OF INTEGRALS

65

3.5.6 Sympy [F]

2 : 2
/ <_bcosh(a—ia—cbx+cx ) L smh(a—i—xl;w-l—ca: )) ds

__/(_sinh(a+bx+cx2)) dx_/bcosh(a+bx+cw2) i

x2 T

p
input Lintegrate (-b*cosh (cxx**2+b*x+a) /x+sinh (c*x**2+b*x+a) /x**2,X)

-/

output‘ -Integral(-sinh(a + b*x + c*x**2)/x**2, x) - Integral(b*cosh(a + b*x + c*x
*%2)/x, X)

3.5.7 Maxima [F]

x z?
_ / bceosh (cz® + bz + a) N sinh (cz? + bz + a)
) x x?

/ (_bcosh (a+ bz + cz?) N sinh (a + bz + cac?)) i

dx

input‘integrate(-b*cosh(c*x“2+b*x+a)/x+sinh(c*x“2+b*x+a)/x“2,x, algorithm="maxim
‘au)

outputtintegrate(-b*cosh(c*x‘2 + b*x + a)/x + sinh(c*x”2 + b*x + a)/x"2, x)

3.5.8 Giac [F]

2 : 2

/(_bcosh(a+bx+cx ) N smh(a+12)x+cm )) i
T T

B /_bcosh (cx® + bz + a) N sinh (cz? + bx + a)

T 2

dz

input‘integrate(—b*cosh(c*x‘2+b*x+a)/x+sinh(c*x‘2+b*x+a)/x‘2,x, algorithm="giac"

)

output Lintegrate(—b*cosh(c*x? + bxx + a)/x + sinh(c*x"2 + b*x + a)/x"2, x)

T 2

3.5. f (—bCOSh(a+b$+cx2) + Sinh(a+bx+ca:2)> dr
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3.5.9 Mupad [F(-1)]

Timed out.
2 : 2
/ <_bcosh(a+bx+cx ) + sinh (a+12)x+cx )) i
z T
_/sinh(cx2+bx+a) beosh(cz® 4+ bz + a) e
N x? B x

input Lint(sinh(a + b*x + c*x”2)/x"2 - (b*cosh(a + b*x + c*x~2))/x,x)

output Lint(sinh(a + b*x + c*x"2)/x"2 - (b*cosh(a + b*x + c*x~2))/x, X)

T 2

3.5. f (—bCOSh(a+b$+cx2) + Sinh(a+bx+cac2)) dr
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3.6 [ z*sinh (a + bz — cz?) dzx

3.6.1 Optimalresult . .. ... .. .. .. ... 671
3.6.2 Mathematica [A] (verified) . . . . . ... ... .. Lo oo 67
3.6.3 Rubi [A] (verified) . . . .. ... .. 68
3.6.4 Maple [A] (verified) . ... ... .. ... . (1]
3.6.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 72
3.6.6 Sympy [F] . . . . . 72
3.6.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 73
3.6.8 Giac [A] (verification not implemented) . . . . .. ... ... ... ...... re!
3.6.9 Mupad [F(-1)] . . . . . o 74

3.6.1 Optimal result

Integrand size = 16, antiderivative size = 227

beosh (a +bx — cz®)  xcosh (a + bz — cz?)

/xQSinh (a—i—bx— ca:2) de = —

4c? 2c
b2 at+l \/_erf ( b— 2cx> et s \/_erf ( b—2cz )
16c5/ 2 8c3/ 2
\/_erﬁ (b 2cx) \/_erﬁ ( b— 20x>
+ 16¢5/2 B 8c3/2

output | -1/4*b*cosh(-c*x~2+b*x+a)/c~2-1/2*x*cosh(-c*x~2+b*x+a)/c-1/16*b"2*exp(a+l/
4%b~2/c) *erf (1/2* (-2*c*x+b) /c~(1/2))*Pi~(1/2) /c~(5/2)-1/8*exp(a+1/4%b"2/c)
xerf (1/2x(-2xc*x+b) /c~(1/2))*Pi~(1/2)/c~(3/2)+1/16%b"2*exp(-a-1/4%b"2/c) *e
rfi(1/2*%(-2*%cxx+b)/c~(1/2))*Pi~(1/2)/c~(6/2)-1/8%exp(-a-1/4%¥b"2/c) *erfi(1/
2% (—2%c*x+b) /c~(1/2))*Pi~(1/2)/c~(3/2)

3.6.2 Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.67

/x2 sinh (a + bz — cz®) dz

—4,/c(b + 2cx) cosh(a + z(b — cx)) + (b2 — 2¢) \/_erﬁ< b+2“) (— cosh <a + Z—i) + sinh <a + %)) + (b
16¢5/2

3.6.  [z®sinh(a+ bz — cz?) dz
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input‘ Integrate [x"2*Sinh[a + b*x - c*x~2],x] ‘

output‘f(-ll*Sqrt [c]*(b + 2*c*x)*Cosh[a + x*(b - c*x)] + (b™2 - 2xc)*Sqrt [Pi]*Erfil[
‘ (-b + 2xc*x)/(2xSqrt[c])]*(-Cosh[a + b~2/(4%c)] + Sinh[a + b"2/(4*c)]) + (
‘b"2 + 2xc)*Sqrt [Pi]*Erf [(-b + 2*c*x)/(2*Sqrt[c])]*(Cosh[a + b~"2/(4%c)] + S
Linh[a + b72/(4%c)]))/(16%c~(5/2))

|

3.6.3 Rubi [A] (verified)

Time = 0.82 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.08,

_ _ number of rules _
number of steps used = 10, number of rules used = 10, integrand size 0.625, Rules

used = {5909, 5898, 2664, 2633, 2634, 5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:c2 sinh (a + bz — c:v2) dz

| 5909
b [ zsinh (—ca? + bz + a) dx N [ cosh (—cz? + bz + a) dz  zcosh (a + bz — cz?)
2c 2c 2c
| 5898
L [emea®tbatagy 4 1 [ea®~bi—agy b [ gsinh (—ca® + bz +a)de zcosh (a+ bx — cx?)
2c * 2c - 2c

| 2664

1 a8 - (=20 1 gt [ (b=2em)® , )

ge¥Ti [e7 4 dr4 e a [e 4 dm+bfxs1nh(—cx +br+a)de

2c 2c
z cosh (a + bz — cz?)
2c
| 2633
b2
b2 _(b—2c:v)2 \/Tre_“_%erﬁ b—2im
gettae [em i da— /e (%) b [ zsinh (—caz? + bz + a) dz
2c + 2c B
z cosh (a + bz — cz?)

2c
| 2634

3.6.  [z®sinh(a+ bz — cz?) dz
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b2 b2
\/,Treaﬂ-@ erf( b—ZCz) ﬁe—a—ﬂerﬁ(b;Zcz)

b [ zsinh (—cz? + br + a) dz N - W L — /e e _xzcosh (a+ bz — cz?)
2c 2c 2c
lsmm
2 2
b(bfsinh(—cw2+bz+a)d:c _ cosh(a+bw—cz2)> _ \/Ee‘”'{terf(%) _ ﬁe_“_%erﬁ(b;j?)
2c 2c n 4./c 4./c _
2c 2c
x cosh (a + bz — ch)
2c
l 5897
b b(% fe—cz2+bw+adm_% fecwz—bw_“dm) Cosh(a+bz—cw2)
2c - 2c
2 b226 +
a+ z b—2cx —a—7g b—2cx
Ve frerf(?\/E ) Ve 7rerﬁ( S . ,
ive 4e & cos (a+bw—cm)
2c 2c
l 2664
ar b2 . (b—2cz)? a2 (b—2cz)?
b b(ée e Je e dx—%e fe fe e x> cosh (a+bz—cx?)
2c - 2c
2 b22c +
a+ c b—2cx —a—7¢ b—2cx
e zrerf(T/E ) e Terﬁ(Tﬁ \
WG e __ zcosh (a+ bz — cz?)
2c 2c
l 2633
b2
—oew we 9" dc ﬁ b—2cx
b %ea‘F%% fe_(b‘icidz-rf 44656 ( 2+/c )
b cosh(a+bx—cz2)
2c - 2c
y 220 +
at+ iz b—2cx —a—5 b—2cx
_ﬁe 4 erf(—wZ) _ﬁe 1 erﬁ( 2\/5> )
/e i __ zcosh (a+ bz — cz?)
2c 2c
l 2634

3.6.  [z®sinh(a+ bz — cz?) dz
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—a—sz ﬁ b—2cx a+*b2 f b—2czx
b(vﬁe icer (7R77> JmetTacer (NE
b

)
cosh (a+bx—cz2)

ive ive
2c - 2c
+
) 22c
Vﬁ@“+%zerf(%§%2) vﬁ@—“—%zerﬁ(é;%g)
- 1 - i/ __ zcosh (a+ bz — cz?)
2c 2c

input‘Int[x‘2*Sinh[a + b*x - c*xx~2],x]

output | -1/2x(x*Cosh[a + b*x - c*x72])/c + (-1/4*x(E~(a + b~2/(4*c))*Sqrt [Pi]l*Erf [(
b - 2xcxx)/(2*Sqrt[c])]1)/Sqrtlc] - (E~(-a - b~2/(4*c))*Sqrt[Pil*Erfil[(b -
2xc*x)/(2xSqrt[c])])/(4xSqrt[cl))/(2*%c) + (b*(-1/2*Cosh[a + b*x - c*xx"2]/c
+ (bx(-1/4%(E~(a + b~2/(4%c))*Sqrt [Pi]l*Erf [(b - 2xc*x)/(2%Sqrt[c])])/Sqrt
[c] + (E"(-a - b2/ (4*c))*Sqrt [Pil*Erfi[(b - 2*c*x)/(2*Sqrtlcl)])/(4xSqrt(
c1)))/(2%c)))/ (2%c)

3.6.3.1 Defintions of rubi rules used

rule 2633 Int [(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Exrfil[(c + d*x)#*Rt[b*Logl[F], 2]1]1/(2*d*Rt[b*Logl[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

rule 2634 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Logl[Fl, 21)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl

rule 2664 Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b2/
(4%c))  Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

ruka5897‘Int[Sinh[(a_.) + (b_)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~
‘(a + bxx + c*x72), x], x] - Simp[1/2 Int[E"(-a - b*x - c*x~2), x], x] /;
‘FreeQ[{a, b, c}, x]

—

3.6.  [z®sinh(a+ bz — cz?) dz
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rule 5898  Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E"
(a + bxx + c*x72), x], x] + Simp[1/2 Int[E"(-a - b*x - c*x"2), x], x] /;
FreeQ[{a, b, c}, x]

rule 5905 Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[e*(Cosh[a + b*x + c*x"2]/(2%c)), x] - Simp[(b*e - 2*c*d)/(2*c) I
nt[Sinh[a + b*x + c*x72], x], x] /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b*e -
2%cxd, 0]

rule 5909 | Int[((d_.) + (e_.)*(x_)) " (m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sy
mbol] :> Simp[ex(d + e*x)~(m - 1)*(Cosh[a + b*x + c*x72]/(2%c)), x] + (-Sim
pl(b*e - 2*cxd)/(2%c) Int[(d + e*x)"(m - 1)*Sinh[a + b*x + c*x72], x], x]
- Simp[e™2*%((m - 1)/(2*c)) Int[(d + exx)"(m - 2)*Cosh[a + b*x + c*x"2],
x], x]) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*c*d, O]

3.6.4 Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.07

method | result
dac+b? dac+b?
isch gecai-bi—a  peca’-bo—a  BV/Te” e erf<v‘_cx4_2~2:2) Ve e erf(v'_cx4_2jkz —ca?4bata
TsC I -7 82 16¢2v/—c + 8cv/—¢ ic

-

inputLint(x‘2*sinh(—c*x“2+b*x+a),x,method=_RETURNVERBUSE)

~—

output -1/4/c*x*exp(c*x~2-b*x-a)-1/8%b/c”~2*exp (c*x~2-b*x-a)-1/16%b"~2/c~2%Pi~(1/2)
*xexp (-1/4% (4xaxc+b~2)/c)/(-c)~(1/2)*erf ((-c) ~(1/2)*x+1/2%b/(-c)~(1/2))+1/8
/c*Pi~(1/2) *exp(-1/4* (4xa*xc+b~2) /c)/(-c)~(1/2) *xerf ((-c)~(1/2) *x+1/2%b/ (-c)
~(1/2))-1/4/cxx*exp(-c*x"2+b*x+a)-1/8%*b/c~2*exp (-c*x~2+b*x+a)-1/16%b"2/c"(
5/2)*Pi~ (1/2) *exp(1/4* (4xaxc+b~2) /c) *erf (-c~(1/2) *x+1/2xb/c~(1/2))-1/8/c~(
3/2)*Pi~(1/2) *exp(1/4* (4*axc+b~2) /c) *erf (-c~(1/2)*x+1/2*b/c~(1/2))

3.6.  [z®sinh(a+ bz — cz?) dz
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3.6.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 467 vs. 2(179) = 358.

Time = 0.25 (sec) , antiderivative size = 467, normalized size of antiderivative = 2.06

/w2 sinh (a + bz — c:v2) dr =

4z + 2 (23 + be) cosh (cz? — bz — a)” — \/7_r<(b2 — 2¢) cosh (cx? — bz — a) cosh <%> (=

input‘integrate(x“2*sinh(—c*x“2+b*x+a),x, algorithm="fricas")

output | —1/16%(4*xc™2xx + 2x(2*%c”2*x + b*c)*cosh(c*x™2 - b*x - a)~2 - sqrt(pi)*((b~
2 - 2*c)*cosh(c*x”2 — b*x - a)*cosh(1/4*(b~2 + 4xaxc)/c) - (b~2 - 2*c)*cos
h(c*x"2 - b*x - a)*sinh(1/4*(b~2 + 4x*a*c)/c) + ((b™2 - 2xc)*cosh(1/4*x(b"2

+ 4xa*c)/c) - (b™2 - 2*c)*sinh(1/4*%(b"2 + 4*a*c)/c))*sinh(c*x"2 - b*x - a)
)*sqrt (-c)*xerf (1/2x(2xc*x - b)*sqrt(-c)/c) - sqrt(pi)*((b~2 + 2*c)*cosh(cx*
X"2 - b*x - a)*cosh(1/4*x(b”"2 + 4*a*c)/c) + (b"2 + 2*c)*cosh(c*x"2 - b*x -

a)*sinh(1/4*(b~2 + 4x*ax*xc)/c) + ((b™2 + 2xc)*cosh(1/4*x(b"2 + 4*axc)/c) + (b
"2 + 2%c)*sinh(1/4%(b~2 + 4*a*c)/c))*sinh(c*x"2 - b*x - a))*sqrt(c)*erf(1/
2% (2*c*x - b)/sqrt(c)) + 4x(2*c~2*x + b*c)*cosh(c*x™2 - b*x - a)*sinh(c*x”
2 - b*x - a) + 2%(2xc”2*x + bxc)*sinh(c*x"2 - bxx - a)”2 + 2*b*c)/(c"3*cos
h(c*x™2 - b*x - a) + ¢ 3*sinh(c*x”"2 - b*x - a))

3.6.6 Sympy [F]

/z2 sinh (a + bz — ca:2) dr = /x2 sinh (a +bx — cx2) dx

~—

inputLintegrate(x**2*sinh(—c*x**2+b*x+a),x)

i

;
Integral (x**2*sinh(a + b*x - cxx**2), Xx)

output

3.6.  [z®sinh(a+ bz — cz?) dz
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3.6.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 834 vs. 2(179) = 358.

Time = 0.44 (sec) , antiderivative size = 834, normalized size of antiderivative = 3.67

/ z? sinh (a + br — cx2) dx = Too large to display

;
input‘integrate(x‘2*sinh(—c*x‘2+b*x+a),x, algorithm="maxima")

output | -1/3*x"3*sinh(c*x"2 - b*x - a) - 1/96*(sqrt(pi)*(2xc*x - b)*b~3*(erf (1/2*s
qrt ((2*c*x - b)~2/c)) - 1)/(sqrt((2*c*x - b)~2/c)*(-c)~(7/2)) - 6%b~2xc*e”
(-1/4%(2xc*x - b)"2/c)/(-c)~(7/2) - 12%(2%c*x - b) " 3xb*gamma(3/2, 1/4*(2*c
*x - b)~2/c)/(((2*%c*x - b)~2/c)~(3/2)*(-c)~(7/2)) - 8*c"2*gamma(2, 1/4*(2*
cxx - b)~2/c)/(-c)~(7/2))*b*e~(a + 1/4%b"2/c)/sqrt(-c) - 1/96%(sqrt(pi)*(2
xc*x — b)*b~4*(erf (1/2xsqrt((2*c*x - b)~2/c)) - 1)/(sqrt((2*c*x - b)~2/c)*
(-¢c)~(9/2)) - 8*b~3*c*e” (-1/4*(2%c*x - b)~2/c)/(-c)~(9/2) - 24*(2%c*x - b)
~3%b~2*gamma (3/2, 1/4%(2*c*x - b)~2/c)/(((2*c*x - b)~2/c)~(3/2)*(-c)~(9/2)
) - 32%bxc”2*gamma(2, 1/4%(2xc*x - b)~2/c)/(-c)"(9/2) - 16%(2xc*x - b) “5*g
amma (5/2, 1/4*(2xc*x - b)~2/c)/(((2*%c*x - b)~2/c)~(56/2)*(-c)~(9/2)))*c*e” (
a + 1/4%b"2/c)/sqrt(-c) - 1/96*(sqrt(pi)*(2*c*x - b)*b~3*(erf (1/2*sqrt(-(2
*xc*x - b)"2/c)) - 1)/(sqrt(-(2xc*x - b)~2/c)*c~(7/2)) + 6xb~2%e” (1/4%(2*c*
X - b)72/c)/c”(56/2) - 12%(2xc*x - b) " 3*bxgamma(3/2, -1/4*(2*cxx - b)~2/c)/
((-(2%c*x - b)~2/c)~(3/2)*%c~(7/2)) - 8*gamma(2, -1/4*(2*c*x - b)~2/c)/c”(3
/2))*bxe~(-a - 1/4%b~2/c)/sqrt(c) + 1/96%(sqrt(pi)*(2*c*x — b)*b~4*(erf(1/
2xsqrt (-(2*c*x - b)~2/c)) - 1)/(sqrt(-(2*c*x - b)~2/c)*c~(9/2)) + 8%b~3*xe”
(1/4%(2*%c*x - b)~2/c)/c”(7/2) - 24%(2*c*x - b) ~3*b~2*gamma (3/2, -1/4%(2%c*
x - b)72/c)/((-(2%c*x - b)~2/c)~(3/2)*c~(9/2)) - 32*b*xgamma(2, -1/4*(2%c*x

- b)"2/c)/c”(5/2) - 16x(2xcxx - b) “Bkgamma(5/2, -1/4x(2*cxx - b)~2/c)/((-
(2%c*x - b)~2/c)~(5/2)*c~(9/2)))*sqrt(c)*e”(-a - 1/4*b~2/c)

3.6.  [z®sinh(a+ bz — cz?) dz
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3.6.8 Giac [A] (verification not implemented)
Time = 0.28 (sec) , antiderivative size = 167, normalized size of antiderivative = 0.74
/x2 sinh (a + bz — cz?) dz

ﬁ(b2+2 c) erf(—% ﬁ(Q z_%>>e(iji_%)
Ve

+2(c(23 — b) +2b)el-cr*+bata)

216c2
_b%t4dac
Vr(r=20) erf<—;vj;<jw—2>>e( ), (c(22 — b) +2b)elestr=a)
+
16 ¢2

inputLintegrate(x‘2*sinh(—c*x‘2+b*x+a),x, algorithm="giac")

output‘—1/16*(sqrt(pi)*(b“2 + 2xc)xerf (-1/2xsqrt(c)*(2*x - b/c))*e”(1/4%(b"2 + 4%
‘a*c)/c)/sqrt(c) + 2% (c*x(2%xx - b/c) + 2xb)*e~(-c*x”2 + b*x + a))/c™2 + 1/16
‘*(sqrt(pi)*(b”2 - 2xc)xerf (-1/2*sqrt(-c)*(2xx - b/c))*e”(-1/4x (b2 + 4*ax*c
‘)/c)/sqrt(-c) - 2%(c*x(2*xx - b/c) + 2+b)*e”(c*x"2 - b*x - a))/c™2

3.6.9 Mupad [F(-1)]

Timed out.

/x2sinh (a+bzx —cz?®) do = /CL‘QSinh<—C£L’2+b.’IJ+G) dx

-

inputtint(x‘2*sinh(a + b*x - c*x72),x)

e—

output Lint(x“2*sinh(a + b*x - c*x72), x)

3.6.  [z®sinh(a+ bz — cz?) dz
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3.7 [ zsinh (a + bz — cz?) dx

3.71 Optimalresult . . . . .. ... . .. . 751
3.7.2 Mathematica [A] (verified) . . . . . .. ... ... Lo oL 75
3.7.3 Rubi [A] (verified) . . . . .. ... 76
3.7.4 Maple [A] (verified) . . . . ... .. ... (7]
3.7.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... . 78
3.7.6  Sympy [F] . . . . 78
3.7.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 79
3.7.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... R0
3.7.9 Mupad [F(-1)] . . . . o o 1]

3.7.1 Optimal result

Integrand size = 14, antiderivative size = 112

att —2cz
cosh (a + bz — cx?) be e \/7_"erf<b2\2ﬁ )
2c 8¢3/2

\/_erﬁ (b 2z )

863/2

/xsinh (a—i—bz—cx2) dr = —

output ‘/—1/2*cosh(—c*x‘2+b*x+a) /c-1/8*bxexp(a+1/4%b~2/c) *erf (1/2* (-2*c*x+b) /c~(1/2
‘ ))*Pi~(1/2)/c”(3/2)+1/8*bxexp(-a-1/4*b~2/c) *erfi (1/2* (-2*c*x+b) /c~(1/2)) *P
Li‘(1/2)/c‘(3/2)

~

3.7.2 Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.20

/xsinh (a+ bz —cz?) do

—4+/ccosh(a + z(b — cz)) + b\/_erﬁ< b”“) (— cosh (a + Z—i) + sinh (a )) + b\/_erf< ”+2“> (

= 803/2

input Integrate[x*Sinh[a + b*x - c*x~2],x]

3.7.  [zsinh(a+ bz — cz?) dx
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output‘ (-4xSqrt[c]*Cosh[a + x*(b - c*x)] + bxSqrt[Pil*Erfi[(-b + 2*c*x)/(2*Sqrtl[c
\])]*(-Cosh[a + b~2/(4%c)] + Sinh[a + b72/(4*c)]) + b*Sqrt[Pil*Erf[(-b + 2%
‘ c*x)/(2+Sqrt [c])]*(Cosh[a + b~2/(4*c)] + Sinh[a + b~2/(4%c)]1))/(8xc~(3/2))

3.7.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.06,
number of steps used = 5, number of rules used = 5, Lumber of rules _ ( 357 Ry jes ysed

integrand size
= {5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:v sinh (a + bz — ca:2) dz

lsmm
bf sinh (—cac2 + bx + a) dr cosh (a + bx — cm2)
2c - 2c
l 5897
b(% / -’ Hbatagy % / fﬁ_bz_adw) cosh (a + bx — cm2)
2c B 2c
l 2664

2 b—2c.7;)2 b2 (b—2ca:)2
1 at+ _{ 1, —a-%
b<2e 4c fe ic  dx € 4c fe 1c

d:v) cosh (a + bx — cm2)

2c 2c

l 2633

2

b leoti [e” (b_if”)Q dx + Ve if;ﬁ(b;\%m)
C
cosh (a + bx — cwz)

2c 2c

l 2634

—a—%gerﬁ b—2cz a+%gerf b—2cz
[ Ve werfi(tle)  vmetdcerf(Pie
4/c 4y/c

)
cosh (a + br — cm2)

2c 2c

input‘ Int [x*Sinh[a + b*x - c*x~2],x]

3.7.  [zsinh(a+ bz — cz?) dx
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output | -1/2+Coshla + bkx - ckx"2]/c + (b*(-1/4*(E"(a + b~2/(4*c))*Sqrt [Pil+Ers [(b |
| - 2xcxx)/(2%8qrt[c])1)/Sqrtlc] + (E™(-a - b~2/(4xc))*Sqrt [Pil+Erfil(b - 2 |
*cxx) / (2xSqrt [c1)1)/ (4%Sqrt [c])))/ (2%c) |

3.7.3.1 Defintions of rubi rules used

ruk32633/Int[(F_)‘((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)#*Rt[bxLogl[F], 211/(2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

rule 2634 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Logl[Fl, 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

rule 2664 Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b2/
(4xc)) Int[F~((b + 2*xc*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

rule 5897 Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E"
(a + b*x + c*x”2), x], x] - Simp[1/2 Int[E~(-a - b*x - c*x~2), x], x] /;
FreeQ[{a, b, c}, x]

rule 5905 Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[e*(Cosh[a + b*x + c*x72]/(2%c)), x] - Simp[(b*e - 2*c*d)/(2*c) I
nt[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe -
2%cxd, 0]

3.7.4 Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.07

method | result size
ac 2 ac 2
. h ecm2—bz—a bﬁei% erf<\/—7ca:+2%/jc) e—cm2+bz+a b\/?'rezlj-“:i erf(—\/Ea;—l— 2\17/5) 12
IS¢ - 4c - 8cy/—c B 4c B 8cs 0
inputLint(x*sinh(—c*x“2+b*x+a),x,method=_RETURNVERBOSE) J

3.7.  [zsinh(a+ bz — cz?) dx
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output‘—1/4/c*exp(c*x“2—b*x—a)—1/8*b/c*Pi”(1/2)*exp(—1/4*(4*a*c+b“2)/c)/(-C)“(1/2
)xerf ((-c)~(1/2)*x+1/2%b/ (-c)~(1/2))-1/4/c*exp(-c¥x~2+b*x+a)-1/8%b/c" (3/2)
‘*Pi“(1/2)*exp(1/4*(4*a*c+b“2)/c)*erf(—c“(1/2)*x+1/2*b/c“(1/2)) \

3.7.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 385 vs. 2(88) = 176.

Time = 0.26 (sec) , antiderivative size = 385, normalized size of antiderivative = 3.44

/msinh (a + bz — ch) dr =

2 ccosh (cz? — bz — a)’ — \/7_r<b cosh (cz? — bx — a) cosh (b2*4'—i“°> — bcosh (cz? — br — a) sinh (%

inputLintegrate(x*sinh(-c*x“2+b*x+a),x, algorithm="fricas") J

output | -1/8+%(2*c*xcosh(c*x™2 - b*x - a)~2 - sqrt(pi)*(b*cosh(c*x™2 - b*x - a)*cosh
(1/4*x(b~2 + 4*a*xc)/c) - b*cosh(c*x"2 - b*x - a)*sinh(1/4*(b~2 + 4*xaxc)/c)

+ (b*cosh(1/4*(b~2 + 4*axc)/c) - b*sinh(1/4*(b~2 + 4*a*xc)/c))*sinh(c*x"2 -
b*x - a))*sqrt(-c)*erf (1/2*(2xc*x - b)*sqrt(-c)/c) - sqrt(pi)*(b*cosh(c*x
2 - b*x - a)*cosh(1/4*(b~2 + 4*axc)/c) + b*cosh(c*x"2 - b*x - a)*sinh(1/4
*(b"2 + 4*a*c)/c) + (b*cosh(1/4%(b~2 + 4xa*c)/c) + bxsinh(1/4*(b"2 + 4*axc
)/c))*sinh(c*x"2 - bxx - a))*sqrt(c)*erf(1/2*x(2*c*x - b)/sqrt(c)) + 4*c*co
sh(c*x™2 - b*x - a)*sinh(c*x™2 - b*x - a) + 2*c*sinh(c*x™2 - b*x - a)~2 +

2%c)/(c"2*cosh(c*x”™2 - b*x - a) + c”2*sinh(c*x"2 - b*x - a))

3.7.6 Sympy [F]

/xsinh (a+ bz —cz?) do = /a:sinh (a+ bz — cz?) dz

-/

inputLintegrate(x*sinh(—c*x**2+b*x+a),x)

output‘Integral(x*sinh(a + bxx - cxx**2), x) ‘

3.7.  [zsinh(a+ bz — cz?) dx
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3.7.7 Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 674 vs. 2(88) = 176.

Time = 0.40 (sec) , antiderivative size = 674, normalized size of antiderivative = 6.02

/zsinh (a + bz — cx2) dr = —% z? sinh (cac2 —br — a)
cx— 2 _ cx— 2 cTr— 2
/7 (2 cx—b)b? (erf(% v/ M)—l) B 4bce< %) _ 4(209:—b)31"(g;(24cb)) be(a_i_%i’c)
\/(2 cchb)2 (_C)g (—c)2 ((2ca:—b)2)2 (_c)%
+ 32v/—¢
(2 cr—b)b? (erf(% . /M) _1) . <_(2%:L)2> 12(2 c:l:—b)%l"(%, @ cizb)2) 82T (2%) <a+£
. _ 4c
NEEEDanY (—o)f (ev?)E (g1 (—o)f “
+ 32 /¢
co—b)2 (2 cz—b)2 cx—b)?
\/77(2cz—b)b2 (erf(% \/—M)—l) <T) 4(2693_1’)31—‘(%’_%) be<_a_%26)

4 be
+ — -
2ce—b)2 5B 2\3 5
\/_%cg c ( (ZCzC—b) )2(:?

B 32./c

cT— 2 cx—
) [ Ve = b)Y (erf (% v —@) - 1) pol ) 1220 - b°or(§, - 252
+ + -
32 A/ —Mc% C% (_ (20w—b)2> % C%

NICo)

input tintegrate (x*sinh(-c*x~2+b*x+a) ,x, algorithm="maxima") J

3.7.  [zsinh(a+ bz — cz?) dx



CHAPTER 3. LISTING OF INTEGRALS 80

output | -1/2*x"2*sinh(c*x"2 - b*x - a) + 1/32x(sqrt(pi)*(2xc*x - b)*b~2*(erf (1/2*s
qrt ((2*c*x - b)~"2/c)) - 1)/(sqrt((2xc*x - b)~2/c)*(-c)~(5/2)) - 4*b*cxe” (-
1/4x(2*c*x - b)~2/c)/(-c)~(56/2) - 4%(2%c*x - b) “3*gamma(3/2, 1/4%(2*c*x -
b)~2/c)/(((2xc*x - b)~2/c)~(3/2)*(-c)~(5/2)))*b*e~(a + 1/4¥b~2/c)/sqrt(-c)
+ 1/32%(sqrt (pi) *(2*c*x - b)*b~3*(erf (1/2*sqrt((2*c*x - b)~2/c)) - 1)/(sq
rt ((2*c*x - b)72/c)*(-c)~(7/2)) - 6¥b2*cke” (-1/4*(2*c*x - b)~2/c)/(-c)~(7
/2) - 12%(2*c*x - b) "3*bkxgamma(3/2, 1/4*(2xc*x - b)~2/c)/(((2*c*x - b)~2/c
)~ (3/2)*(-c)~(7/2)) - 8*c™2*gamma(2, 1/4%(2%c*x - b)~2/c)/(-c)~(7/2))*cxe”
(a + 1/4¥b~2/c)/sqrt(-c) - 1/32*(sqrt(pi)*(2*c*x - b)*b~2x(erf (1/2*sqrt(-(
2*%c*x - b)~2/c)) - 1)/(sqrt(-(2*c*x - b)~2/c)*c~(5/2)) + 4xbxe” (1/4*(2*c*x
- b)"2/c)/c”(3/2) - 4*(2*c*x - b) "3*gamma(3/2, -1/4*(2xc*x - b)~2/c)/((-(
2xcxx - b)"2/c)”(3/2)*c”(5/2)))*b*e”(-a - 1/4*b~2/c)/sqrt(c) + 1/32*(sqrt(
pi)*(2*c*x — b)*b~3*(erf (1/2*sqrt(-(2*c*x - b)~2/c)) - 1)/(sqrt(-(2*c*x -
b)~2/c)*c™(7/2)) + 6*%b"2*xe” (1/4*(2%c*x - b)~2/c)/c”(5/2) - 12*%(2*c*x - b)~
3*b*gamma (3/2, -1/4*(2xc*x - b)~2/c)/((-(2xc*x - b)~2/c)~(3/2)*c~(7/2)) -
8xgamma (2, -1/4%(2%c*x - b)~2/c)/c~(3/2))*sqrt(c)*e”(-a - 1/4*b~2/c)

3.7.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.10

b2+4ac
ﬁberf(—% ﬁ(2x—%))e( © ) +2 e(—cac2+bx+a)
/xsinh(a+bx—cx2) dz = — v P
_b2+4ac
\/Eberf(—% ﬁ(Qm—%))e( 4c ) iy e(cmz—bw—a)
N V=
8¢

p
input

integrate (x*sinh(-c*x~2+b*x+a) ,x, algorithm="giac")

N

output‘-1/8*(sqrt(pi)*b*erf(-1/2*sqrt(c)*(2*x - b/c))*e~(1/4%(b~2 + 4*axc)/c)/sqr
‘t(c) + 2%e~(-c*x"2 + b*x + a))/c + 1/8*(sqrt(pi)*b*erf (-1/2*sqrt(-c)*(2*x
L- b/c))*e”(-1/4*(b"2 + 4xa*c)/c)/sqrt(-c) - 2xe~(c*x"2 - bxx - a))/c

3.7.  [zsinh(a+ bz — cz?) dx
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3.7.9 Mupad [F(-1)]
Timed out.

/J;sinh (a+bx—cw2) dxz/xsinh(—cx2+bx+a) dx

input Lint(x*sinh(a + b*x - c*x72),x)

output Lint(x*sinh(a + bxx - c*x72), Xx)

3.7.  [zsinh(a+ bz — cz?) dx
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3.8 [ sinh (@ + bx — cz?) dx

3.8.1 Optimalresult . .. ... ... .. ... 82]
3.8.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL ’2
3.8.3 Rubi [A] (verified) . . .. ... ... ]R3
3.84 Maple [A] (verified) . . . . ... .. ... k!
3.8.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 85
3.8.6 Sympy [F] . . . . . 85
3.8.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 36
3.8.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... BT
3.8.9 Mupad [F(-1)] . . . . oo 87

3.8.1 Optimal result

Integrand size = 12, antiderivative size = 91

2 2
a+2 b—2cx —a—t b—2cx
e 4c\/7_rerf< N ) e 4C\/7_rerﬁ< NG >

/sinh(a-l—ba:—czz)dx:— NG + ive

output(—1/4*exp(a+1/4*b‘2/c)*erf(1/2*(—2*c*x+b)/c‘(1/2))*Pi‘(1/2)/c‘(1/2)+1/4*exp
‘(—a—1/4*b‘2/c)*erfi(1/2*(—2*c*x+b)/c‘(1/2))*Pi‘(1/2)/c‘(1/2) J

3.8.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.20

/sinh (a+ bz —cz?) dx

ﬁ(erﬁ(%ﬁf’”) <— cosh (a, + Z—i) + sinh <a + %)) + erf(‘%"\'%‘”) (cosh (a + %) + sinh (a + Z—i)))

- WG

-

input LIntegrate [Sinh[a + b*x - c*x~2],x]

-/

output ‘ (Sqrt[Pi]*(Erfi[(-b + 2*c*x)/(2*Sqrt[c])]*(-Cosh[a + b~2/(4%c)] + Sinh[a +
\ b~2/(4*c)]) + Erf[(-b + 2%c*x)/(2*Sqrt[c])]*(Cosh[a + b~2/(4*c)] + Sinh[a
+ b72/(4%c)]1)))/(4%Sqrt[cl)

N J

3.8.  [sinh(a+ bz — cz?) dz
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3.8.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 333 Ry j0q yged = {5897,

integrand size
2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sinh (a+ bz — cacz) dz
l 5897

;/e—cz2+bx+adx_ ;/eca:z—bm—adx

l 2664
2 —2¢2)2 2 _2cx)2
%e‘”% /6_(b 2 dx — ;e_“_ic/e(bzc)dm

l 2633

b2

2 _ocx)? \/Ee_a_@erﬁ<b_2cx>
Look [t a
2 4./c

l 2634

—a— b2 b—2cx a+ﬁ b—2cx
\/7_1'6 zcerfi 5ve \/7_re 1zcerf NG
4,/c - 4,/c

input‘ Int[Sinh[a + b*x - c*x~2],x]

output ‘ -1/4*x(E~(a + b~2/(4xc))*Sqrt [Pi]l*Erf [(b - 2*c*x)/(2*Sqrt[cl)])/Sqrtlc] + (

‘ E~(-a - b~2/(4*c))*Sqrt [Pil*Erfi[(b - 2*c*x)/(2+Sqrt[c])])/(4*Sqrtlc])

3.8.  [sinh(a+ bz — cz?) dz



rule 2633

rule 2634

rule 2664

rule 5897

input

output
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3.8.3.1 Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)#*Rt[bxLog[F], 211/ (2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]1/(2xd*Rt[(-b)*Log[Fl, 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4xc)) Int[F~((b + 2%c*x)~2/(4%c)), x], x] /; FreeQ[{F, a, b, c}, x]

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~”
(a + b*x + c*x”2), x], x] - Simp[1/2 Int[E~(-a - b*x - c*x72), x], x] /;

FreeQ[{a, b, c}, x]

3.8.4 Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.87

method | result size

4ac+b? dac+b?
Jre~ “c erf(x/—cx-l—%\/_fc) Ve “Gc erf(—\/5z+2\b/a>

risch — pwvar — i

79

Lint(sinh(-c*x“2+b*x+a),x,method=_RETURNVERBOSE)

‘—1/4*Pi“(1/2)*exp(-1/4*(4*a*c+b‘2)/c)/(-c)“(1/2)*erf((-c)“(1/2)*x+1/2*b/(—
‘c)‘(1/2))-1/4*Pi‘(1/2)*exp(1/4*(4*a*c+b‘2)/c)/c“(1/2)*erf(—c‘(1/2)*x+1/2*b
/e @/2))

3.8.  [sinh(a+ bz — cz?) dz
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3.8.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.26

/sinh (a + bx — cxz) dz

B \/7_7\/—_c<cosh (%) — sinh <”21—‘é“>> erf (—(Qngl;)‘/jc) + \/7_r\/E<cosh (%) + sinh (bzz—‘i“» erf
B 4c

~—

inputLintegrate(sinh(—c*x‘2+b*x+a),x, algorithm="fricas")

output(1/4*(sqrt(pi)*sqrt(—c)*(cosh(1/4*(b‘2 + 4xa*c)/c) - sinh(1/4*(b"2 + 4*axc)
‘/c))*erf(1/2*(2*c*x - b)*sqrt(-c)/c) + sqrt(pi)*sqrt(c)*(cosh(1/4*(b"2 + 4
‘*a*c)/c) + sinh(1/4%(b"2 + 4xax*c)/c))*erf(1/2x(2xc*x - b)/sqrt(c)))/c

———————

3.8.6 Sympy [F]

/sinh (a+bz—cz?) do = /sinh (a+bz —cz?) dz

inputtintegrate(sinh(—c*x**2+b*x+a),x) J

outputLIntegral(sinh(a + b*x - ckxx**2), x) J

3.8.  [sinh(a+ bz — cz?) dz



input

output
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3.8.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 512 vs. 2(69) = 138.

Time = 0.36 (sec) , antiderivative size = 512, normalized size of antiderivative = 5.63

\/7?(2cm—b)b(erf(% \/M)q) ~ 206(—(2%%)2) ) be<“+%2c>

Ny (-2

/Sinh(a+bm—cx2) dwz—(

8v/—c

e w( FE)) () amn(305)) oy
\/(2 c:l:c—b)2 (—C)% (—c)% ((2 cz—b) 2>§ %
- 8v/—c
(ﬁ(Zcmb)b(erf(; \/W) _1> N 26((2;211)2) be(_a_%)
\/_ (2(:3:(:—17)2 C% c
— g \/E
cx—b)2 e
¥ <erf (é = ) - 1) 1 5F)  4@er—byr(3, -0 |
+§ (2 b)2 5 + - \/EG
_ (2cz— 5

3
c2 <_ (2 cx—b)?

c c

— zsinh (cx2 —br — a)

3
)"el
C2

e

Lintegrate(sinh(—c*x‘2+b*x+a),x, algorithm="maxima")

~—

-1/8*(sqrt (pi) *(2*c*x - b)*b*(erf(1/2*sqrt((2*cxx - b)~2/c)) - 1)/(sqrt((2
kcxx — b)~2/c)*(-c)~(3/2)) - 2*c*e”(-1/4%(2%cxx - b)~2/c)/(-c)~(3/2))*b*e”
(a + 1/4%¥b~2/c)/sqrt(-c) - 1/8%(sqrt(pi)*(2*c*x - b)*b~2*(erf (1/2*sqrt ((2*
c¥x - b)~2/c)) - 1)/(sqrt((2*c*x - b)~2/c)*(-c)~(5/2)) - 4xb*cxe”(-1/4%(2%
c*x - b)"2/c)/(-c)~(5/2) - 4% (2*c*x - b) 3xgamma(3/2, 1/4*(2*cxx - b)~2/c)
/(((2xc*x - b)~2/c)~(3/2)*(-c)~(5/2)))*c*e”(a + 1/4*%b~2/c)/sqrt(-c) - 1/8%
(sqrt(pi)*(2*c*x - b)*bx(erf (1/2*sqrt(-(2*c*x - b)~2/c)) - 1)/(sqrt(-(2*cx*
X - b)72/c)*c”(3/2)) + 2xe~(1/4*x(2*c*x - b)~2/c)/sqrt(c))*b*e”(-a - 1/4*b~
2/c)/sqrt(c) + 1/8%(sqrt(pi)*(2*c*x - b)*b~2*(erf (1/2*sqrt(-(2*c*x - b)~2/
c)) - 1)/(sqrt(-(2xc*x - b)~2/c)*c~(5/2)) + 4*bxe~(1/4*(2*c*x - b)~2/c)/c”
(3/2) - 4%(2%c*x - b)"3xgamma(3/2, -1/4*(2%c*x - b)~2/c)/((-(2*c*x - b)~2/
c)~(3/2)*c~(5/2)))*sqrt(c)*e”(-a - 1/4x¥b~2/c) - x*sinh(c*x~2 - b*x - a)

3.8.  [sinh(a+ bz — cz?) dz
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3.8.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.89

: 2\ g ﬁerf(—%\/g@x_g))e(%)
foio e e = 1
| Ve (<3 v=e(2a = 4)) T
4/—=c

inputLintegrate(sinh(—c*x‘2+b*x+a),x, algorithm="giac")

-/

output‘—1/4*sqrt(pi)*erf(—1/2*sqrt(c)*(2*x - b/c))*e”(1/4x(b"2 + 4*axc)/c)/sqrt(c
‘) + 1/4*sqrt(pi)*erf (-1/2*sqrt(-c)*(2*x - b/c))*e”(-1/4%(b"2 + 4xa*c)/c)/s
‘qrt(—c)

3.8.9 Mupad [F(-1)]
Timed out.

/Sinh (a+ bz — cz?) dmz/sinh(—cm2+bx+a) dx

inputtint(sinh(a + b*x - c*x72),x)

e

outputtint(sinh(a + b*x - c*x72), x)

e—

3.8.  [sinh(a+ bz — cz?) dz
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3.9 f sinh (a+bz—cz?) du

T
3.9.1 Optimalresult . . .. ... ... . ... .. . 88|
3.9.2 Mathematica [N/A] . . . . . . . . 88
3.9.3 Rubi [N/A] . . oo oot 59
3.9.4 Maple [N/A] (verified) . . . . . . ... . ]9
3.9.5 Fricas [N/A] . . . . . . 90
3.9.6 Sympy [N/A] . . . 90
3.9.7 Maxima [N/A] . . . . . e )
3.9.8 Giac [N/A] . . . . . OT]
3.99 Mupad [N/A] . . . OT]

3.9.1 Optimal result

Integrand size = 16, antiderivative size = 16

T T

/ sinh (a + bz — cz?) e — Tnt (sinh (a+ bz — cx?) x)

output LUnintegrable (sinh(-c*x~2+b*x+a)/x,x) J

3.9.2 Mathematica [N/A]
Not integrable

Time = 6.64 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/ sinh (a + bz — cx?) gy — / sinh (a + bz — cx?)

T T

( hY

input  Integrate[Sinh[a + b*x - c*x~2]/x,x]

outputLIntegrate[Sinh[a + b*x - c*xx"2]/x, x] J

3.9. f sinh (a+bx—cx2) dz

T
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3.9.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {5915}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

. 2
/ sinh (a + bz — cz?) e
x

l 5915
. 2
/ sinh (a + :’r cx ) i

inputLInt[Sinh[a + b*x - c*x~2]/x,x]

-

output L$Aborted

~—/

3.9.3.1 Defintions of rubi rules used

rule 5915 Int[((d_.) + (e_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x)) + (c_)*(x)"2], x_S
‘ymbol] :> Unintegrable[(d + e*x) m*Sinh[a + b*x + c*x~2], x] /; FreeQ[{a, b
, ¢, d, e, m}, x]

3.9.4 Maple [N/A] (verified)
Not integrable

Time = 0.29 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

inh (— 2
/sm ( cxm+bx+a)dx

input ‘ int (sinh(-c*x~2+b*x+a) /x,x)

output Lint (sinh(-c*x~2+b*x+a)/x,x)

3.9. f sinh (a+bx—cx2) dx

T
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3.9.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

. _ 2 : a2
/smh (a +xbx cx )dx=/smh( ca:x+ bz + a) i

inputLintegrate(sinh(—c*x‘2+b*x+a)/x,x, algorithm="fricas")

output tintegral(—sinh(c*x’? - b*x - a)/x, x)

3.9.6 Sympy [N/A]
Not integrable

Time = 0.60 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/ sinh (a + bz — cz?) dp — / sinh (a + bz — cxz?) i

T T

p
inputkintegrate(sinh(—c*x**2+b*x+a)/x,x)

e—

-

output LIntegral(sinh(a + bx - c*x**2)/x, X)

-/

3.9.7 Maxima [N/A]

Not integrable

Time = 0.72 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.38

- 2 Ch (e
/ sinh (a + bz — cz?) dr = / sinh ( cacx+ bx + a) i
x

input Lintegrate (sinh(-c*x~2+b*x+a)/x,x, algorithm="maxima")

-/

output L—integrate(sinh(c*x‘Q - bxx - a)/x, x)

3.9. f sinh (a+bx—cx2) dz

T
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3.9.8 Giac [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

. _ 2 : a2
/smh (a +xbx cx )dx=/smh( ca:x+ bz + a) i

inputLintegrate(sinh(—c*x‘2+b*x+a)/x,x, algorithm="giac")

output tintegrate(sinh(—c*x’? + b*x + a)/x, x)

3.9.9 Mupad [N/A]
Not integrable

Time = 1.12 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

- a2 b (2
/81nh(a—|—bx cz)dx_/smh( cx +bx—|—a)dx

T T

p
input tint(sinh(a + b*x - c*x72)/x,x)

e—

-

output Lint(sin.h(a + b*x - c*x72)/x, x)

-/

3.9. f sinh (a+bx—cx2) dz

T
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T $2

3.10 f (_bcosh(a+bx—cx2) n sinh(a+bx—cx2)) da

3.10.1 Optimalresult . . .. ... .. . ... .. 92]
3.10.2 Mathematica [A] (verified) . . . . . . . ... ..o 92i
3.10.3 Rubi [A] (verified) . . . .. ... .. 93
3.10.4 Maple [F] . . . . . o 94
3.10.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... .. 94
3.10.6 Sympy [F] . . . . o 95
3.10.7 Maxima [F] . . . . . . . 951
3.10.8 Giac [F] . . . . o 95
3.10.9 Mupad [F(-1)] . . . . oo 96

3.10.1 Optimal result

Integrand size = 35, antiderivative size = 108

— cx? i — o2
/(_bcosh(a+bx cx)+51nh(a+bx ca:)) i

z 2

1 b2 b—2cx 1 b2 b— 2cx sinh (a + bz — cx?)
— a+4c - _ —a— 4 _
= 2\/56 \/7_rerf< NG ) +2\/Ee \/7_rerﬁ( NG ) =

output(—sinh(—c*x“2+b*x+a)/x+1/2*exp(a+1/4*b‘2/c)*erf(1/2*(—2*c*x+b)/c‘(1/2))*c‘(
‘1/2)*Pi‘(1/2)+1/2*exp(—a—1/4*b‘2/c)*erfi(1/2*(—2*c*x+b)/c“(1/2))*c‘(1/2)*P
\i*(i/z)

~

3.10.2 Mathematica [A] (verified)

Time = 0.50 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.26

— cr? i )
/(_bcosh(a—i—ba: cz)+51nh(a+b:v c:c)) i

T x2

(\/_\/_erﬁ( b—\i—/gcx) (— cosh (a—i— Z—Qc) + sinh (a—l— g))

- \/"\/_erf( b —\i—/gcx) <cosh (a + g) + sinh (a + g)) _ 2sinh(a +xx(b — Cx)))

input LIntegrate [-((bxCosh[a + b*x - c*x~2])/x) + Sinh[a + b*x - c*x~2]/x72,x]

T 2

3.10. f (—bCOSh(a+bx_w2) + Sinh(a+bx—cx2)) d
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output ‘ (Sqrt[c]*Sqrt[Pi]*Erfi[(-b + 2*c*x)/(2*%Sqrt[c])]*(-Cosh[a + b~2/(4*c)] + S
‘ inh[a + b"2/(4*c)]) - Sqrtlcl*Sqrt[Pil*Erf[(-b + 2*c*x)/(2*Sqrt[c])]*(Cosh
‘ [a + b™2/(4%c)] + Sinh[a + b~2/(4%c)]) - (2*Sinh[a + x*(b - c*x)])/x)/2

3.10.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.00,

number of steps used = 1, number of rules used = 1, Bumber of rules _ 499 Ryles used
integrand size
— {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

(sinh (a+bx —cz?) beosh (a+ bz — cz?) )
/ 3 — dr
x x
l 2009

b—2cx

2y/c

b— 2090) sinh (a + bz — cz?)
x

1 2
2\/7?\/Ee“+flcerf< NG

2
) + ;\/%\/Ee_“_zcerﬁ<

input LInt [-((b*xCosh[a + b*x - c*x~2])/x) + Sinh[a + b*x - c*x"2]/x"2,x]

~—

output((Sqrt[c]*E‘(a + b~2/(4%c))*Sqrt [Pi]*Erf [(b - 2*c*x)/(2*Sqrt[c])]1)/2 + (Sqr
‘t[c]*E‘(—a - b~2/(4%c))*Sqrt [Pil*Erfi[(b - 2*c*x)/(2%Sqrt[c])])/2 - Sinh[a
‘ + b*x - cxx~2]/x

———————.

T 2

3.10. f (—bCOSh(a+bx_w2) + Sinh(a+bx—cx2)) d



CHAPTER 3. LISTING OF INTEGRALS 94

3.10.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.10.4 Maple [F]

—cr? ; -
/(_bcosh( cr +b:c—|—a)+smh( cx +bx—|—a))dx

T x2
inputLint(-b*cosh(—c*x‘2+b*x+a)/x+sinh(-c*x“2+b*x+a)/x“2,x) J
outputtint(-b*cosh(—c*x‘2+b*x+a)/x+sinh(-c*x‘2+b*x+a)/x“2,x) J

3.10.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 371 vs. 2(86) = 172.

Time = 0.25 (sec) , antiderivative size = 371, normalized size of antiderivative = 3.44

— cx2 i )
/(_bcosh(a—l—bx cx?) +smh(a—|—bx cx )) i

T 2

- ﬁ(a: cosh (cz? — bx — a) cosh <%> — x cosh (cz? — br — a) sinh (wi—i“c> + (z cosh (%) — xsi

input  integrate(-b*cosh(-c*x~2+b*x+a) /x+sinh(-c*x~2+b*x+a)/x"2,x, algorithm="fri
cas")

output | 1/2*(sqrt (pi)*(x*cosh(c*x"2 - b*x - a)*cosh(1/4*(b"2 + 4xa*c)/c) - x*cosh(
c*x"2 - bxx - a)*sinh(1/4%(b"2 + 4*xaxc)/c) + (x*cosh(1/4*(b~2 + 4*xaxc)/c)
- x*sinh(1/4*(b~2 + 4*axc)/c))*sinh(c*x"2 - b*x - a))*sqrt(-c)*erf (1/2* (2%
cxx — b)*sqrt(-c)/c) - sqrt(pi)*(x*cosh(c*x™2 - b*x - a)*cosh(1/4*(b"2 + 4
*axc)/c) + x*cosh(c*x"2 - b*x - a)*sinh(1/4*%(b~2 + 4*a*c)/c) + (x*cosh(1/4
*(b~2 + 4*axc)/c) + x*sinh(1/4x(b~2 + 4*a*c)/c))*sinh(c*x"2 - b*x - a))*sq
rt(c)*erf (1/2*(2xc*x - b)/sqrt(c)) + cosh(c*x"2 - b*x - a)~2 + 2*cosh(c*x™
2 - b*x - a)*sinh(c*x"2 - b*x - a) + sinh(c*x"2 - b*x - a)~2 - 1)/(x*cosh(
c*x”2 - b*x - a) + x*sinh(c*x™2 - b*x - a))

T 2

3.10. f (—bCOSh(a+bx_m2) + Sinh(a+bx—cx2)) d
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3.10.6 Sympy [F]

T x2

__/(_sinh(a+bx—cx2)) dx_/bcosh(a+bx—cx2) i

/ <_bcosh (a+ bz — cx?) N sinh (a + bz — ca:2)> de

2 T

B
input Lintegrate (-b*cosh(-c*x**2+b*xx+a) /x+sinh (—c*x**2+b*x+a) /x**2,x)

-/

output‘ -Integral(-sinh(a + b*x - c*x**2)/x**2, x) - Integral(bxcosh(a + b*x - c*x
*%2)/x, X)

3.10.7 Maxima [F]

x x?
_ / __bcosh (—cz® + bz + a) N sinh (—cz? 4 bz + a)

/ (_bcosh (a+ bx — cx?) N sinh (a + bx — ca:2)) i

dz

T 2

input‘integrate(-b*cosh(-c*x“2+b*x+a)/x+sinh(-c*x”2+b*x+a)/x“2,x, algorithm="max
‘ima")

outputtintegrate(-b*cosh(c*x‘2 - b*x - a)/x - sinh(c*x72 - b*x - a)/x72, x)

3.10.8 Giac [F]

—cx2 i — 2
/(_bcosh(a—;bm cx)+51nh(a+ml;m cm)) i

_ / __bcosh (—cz® + bz + a) N sinh (—cz?® + bz + a)

dz

T T2

input‘integrate(—b*cosh(—c*x‘2+b*x+a)/x+sinh(—c*x‘2+b*x+a)/x“2,x, algorithm="gia
‘C")

output Lintegrate(—b*cosh(—c*x“2 + bxx + a)/x + sinh(-c*x™2 + b*x + a)/x"2, x)

T 2

3.10. f (—bCOSh(a+bx_C$2) + Sinh(a+bx—cz2)> d
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3.10.9 Mupad [F(-1)]

Timed out.

— cx? i — 2
/(_bcosh(a+bx cx)+81nh(a-|—bx cx)) i

x x?
_ / sinh(—ca® + bz +a) beosh(—cz’+bz +a)
N x? x

dz

input Lint(sinh(a + b*x - c*x”2)/x"2 - (b*cosh(a + b*x - c*x~2))/x,x)

output Lint(sinh(a + b*x - c*x72)/x"2 - (b*cosh(a + b*x - c*x~2))/x, x)

T 2

3.10. f (—bCOSh(a+bx_C$2) + Sinh(a+bx—cx2)> d
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311  [z?sinh(;+z+2%) dz

3.11.1
3.11.2
3.11.3
3.11.4
3.11.5
3.11.6
3.11.7
3.11.8
3.11.9

Optimal result . . . . . . . . . .. .. 97l
Mathematica [A] (verified) . . . . . . . . . .. ... 97l
Rubi [A] (verified) . . . . . . ... . 98
Maple [C] (verified) . . . . . . . . . . . [10T]
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ..... 107
Sympy [F] . . . 102
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 102
Giac [C] (verification not implemented) . . . . . ... ... ... .. .... 103
Mupad [F(-1)] . . . . o 103

3.11.1 Optimal result

Integrand size = 13, antiderivative size = 66

1 1 1 1 1
/z2sinh (—+x+z2) dz = —- cosh (—+x+x2) + —z cosh <—+z—|—:c2>

4 4 4 2 4

+ %ﬁerf(%(—l — Zx)) - %ﬁerﬁ(%(l + 255))

output \ -1/4*cosh(1/4+x+x~2)+1/2*x*cosh(1/4+x+x"2)-3/16*xerf (1/2+x)*Pi~(1/2)-1/16%e

eri(1/2+x)*Pi”(1/2)

3.11.2 Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.09

1
/xzsinh (Z+x+x2) dx
_ 1 3/merf 1+ Vmerfi 1+
=1 merf( 5+ merfi( 5+

N 2(—1+2z) ((1+ v/€) cosh(z(1 + z)) + (=1 + /e) sinh(z(1 + x))))
Ve

e

input tIntegrate [x"2*%Sinh[1/4 + x + x~2],x]

A J

3.11.

| ?sinh (i +z+2%) dx
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output‘ (-3%Sqrt [Pi]*Erf[1/2 + x] - Sqrt[Pil*Erfil[1/2 + x] + (2%(-1 + 2*x)*((1 + S ‘

Lqrt[E])*Cosh[x*(l + x)] + (-1 + Sqrt[E])*Sinh[x*(1 + x)1))/E~(1/4))/16 J

3.11.3 Rubi [A] (verified)

Time = 0.56 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.80,

number of steps used = 10, number of rules used = 10, Bumber of rules _ ( 769 Ryles
integrand size

used = {5909, 5898, 2664, 2633, 2634, 5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/wzsinh (mz +x+ i) dr

l 5909
1 , ) 1 1 ) 1 1 ) 1
2/wsmh<x +w+4> dx 2/cosh<w +:c+4>d:c+2xcosh<x +:1c+4>
l 5898
1/ 1 [ o1, 1 [ oo 1 , ) 1 1 ) 1
2( 2/6 idx 2/6 4dm> 2/ms1nh<a: +z+4>da:+2zcosh<:v —I—x+4
l.2664
1 : 2 1 L 1 [ _1ez11) 1/ L(2a+1)?
2/a:smh<a: +x+4>dx+2< 2/64 dzr 5 el dr | +
1 1
i:rcosh <:1:2 +x+ 4>
l'2633

1 1 1 2 1 1 1 1
i L[ —tepnz, 1 1 _1 . 2 1
2( 2/6 1 dx 4\/7_rerfi<2(2m+1)>> 2/a:s1nh(a: +z+4) dz +

1 1
ixcosh <w2 +x+ 4)

l.2634
1 . 9 1 1 1 1 1 1
—Q/xsmh <a: +z+ 4> dx + 3 (—4\/7_1'erf<2(2a: + 1)> - 4ﬁerﬁ<2(2x+ 1)>> +
1 ) 1
ixcosh <3: +x+ 4)
l5mm

3.11. | ?sinh (i +z4+ xz) dz
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2 2

2
1/ 1 1 1 1 1 \ 1
2 <—4\/7_rerf<2(2x + 1)) - 4\/77erﬁ<2(2x + 1))) + 50 cosh <m +z+ 4>

l 5897
1 z2+z+ _ / —z?2—g—1 _ 1 2 1
2( < / 4da: e idx 2cosh T +ac—i—4 +

1/ 1 1 1 ) 1
2 <—4\/7_rerf<2 (2z + 1)) - 4\/77erﬁ<2(2x + 1))) + 3% cosh <m +z+ 4>
| 2664
1/1/1 1 2 1 1
e —2(2z+1) - 2 -
5\3(3 e 4 dm) 2cosh<:c +x+4>>+
< \/_erf< (2z + 1)> — iﬁerﬁ(é@m + 1))) + %w cosh <ac2 +z+ i)
| 2633
< (lﬁer < (2z + 1)) ; /e‘i@”"“l)zda}) - %cosh <m2 +z+ i)) +
1 1
—=y/merf (290 +1)) — f\/7_rerﬁ 1(290 +1)) )+ Zzcosh (2® +z + !
4 4 2 2 4
| 2634

1<i\/_erﬁ( (2x+1)> —iﬁerf<;(2x+1)>> ;cosh <x +x+i>>+
1

2<—iﬁerf<;(2w + 1)> - iﬁerﬁ(é@x + 1))) + ;:Jc cosh <w +z+ 4>

1/1 1 1 1
/sinh <x2+x+4> dw—cosh<m2+x+4> +

®

)_n

e1@et1)? g0 1

N =

N~ N =
N =

N[ =
N =

input‘ Int[x~2%Sinh[1/4 + x + x~2],x] ‘

‘Erfi[(l + 2%x)/2]1)/4)/2 + (-1/2*%Cosh[1/4 + x + x72] + (-1/4*(Sqrt[Pi]*Erf [

output‘{(x*Cosh[l/él + x +x72]1)/2 + (-1/4%(Sqrt[Pil*+Erf[(1 + 2x%x)/2]) - (Sqrt[Pilx* \‘
(4 + 2%x)/2]) + (Sqre[Pil*Erfil(1 + 2+x)/21)/4)/2)/2 |

3.11. | ?sinh (i + 4+ xz) dz



rule 2633

rule 2634

rule 2664

rule 5897

rule 5898

rule 5905

rule 5909
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3.11.3.1 Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)#*Rt[bxLog[F], 211/ (2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

N\

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]1/(2xd*Rt[(-b)*Log[Fl, 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4xc)) Int[F~((b + 2%c*x)~2/(4%c)), x], x] /; FreeQ[{F, a, b, c}, x]

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~”
(a + b*x + c*x”2), x], x] - Simp[1/2 Int[E~(-a - b*x - c*x72), x], x] /;
FreeQ[{a, b, c}, x]

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~”
(a + bxx + c*x72), x], x] + Simp[1/2 Int[E"(-a - b*x - c*x~2), x], x] /;
FreeQ[{a, b, c}, xl]

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[e*(Cosh[a + b*x + c*x72]/(2%c)), x] - Simp[(b*e - 2*c*d)/(2%c) I
nt[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e -
2*%cxd, 0]

N\

Int[((d_.) + (e_.)*(x_)) " (m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sy
mbol] :> Simplex(d + exx)~(m - 1)*(Cosh[a + b*x + c*x72]/(2*c)), x] + (-Sim
pl(bxe - 2xcxd)/(2*c) Int[(d + exx)"(m - 1)*Sinh[a + b*x + c*x”~2], x], x]
- Simp[e™2*((m - 1)/(2*c)) Int[(d + exx)~(m - 2)*Cosh[a + b*x + c*xx~2],

x], x1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2xc*d, 0]

3.11. | ?sinh (i +z4+ xz) dz
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3.11.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.34 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.14

method | result size
(1422)2 (1422)2 1 (1+22)2 (1+22)2 . Ny
. re 4 e~ 4 Berf(342)V/T | ge 1 e 1 i/ erf (iz+514)
risch 1 -8 16 57— 3 6 | (0
inputLint(x‘Q*sinh(1/4+x+x‘2),x,method=_RETURNVERBOSE) J

output ‘ 1/4%x*exp (-1/4* (1+2%x) ~2)-1/8%exp (-1/4* (1+2%x) ~2) -3/16*erf (1/2+x) *Pi~ (1/2) ‘
| +1/4xx*exp (1/4% (1+2%x) ~2)-1/8xexp (1/4% (1+2%x) "2)+1/16*I*Pi~ (1/2) xerf (Ixx+1
\/2*1) ‘

3.11.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 127 vs. 2(38) = 76.

Time = 0.27 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.92

1
/.’I,'2SiIlh (Z +x+a:2) dz

2(2:1:—1)cosh(w2+x+%)2+4(2z—1)cosh(z2+x+%)sinh(x2+z+;i)+2(2x—1)sinh(:c2+:z
16(<

input  integrate(x~2*sinh(1/4+x+x72),x, algorithm="fricas")

N J

output 1/16%(2*(2*x - 1)*cosh(x™2 + x + 1/4)72 + 4*(2*%x - 1)*cosh(x™2 + x + 1/4)*
sinh(x"2 + x + 1/4) + 2%(2*x - 1)*sinh(x"2 + x + 1/4)72 - sqrt(pi)*(3*cosh
(x™2 + x + 1/4)*erf(x + 1/2) + cosh(x™2 + x + 1/4)*erfi(x + 1/2) + (3xerf(
x + 1/2) + erfi(x + 1/2))*sinh(x"2 + x + 1/4)) + 4*x - 2)/(cosh(x"2 + x +

1/4) + sinh(x"2 + x + 1/4))

3.11. | ?sinh (i +z4+ xz) dz
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3.11.6 Sympy [F]

1 1
/xQSinh (Z+x+x2) dx:/xzsinh (x2+x+1) dx

input‘integrate(x**2*sinh(1/4+x+x**2),x)

output‘ Integral (x**2*sinh(x**2 + x + 1/4), x)

3.11.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 183 vs. 2(38) = 76.

Time = 0.27 (sec) , antiderivative size = 183, normalized size of antiderivative = 2.77

1 1 1y, Qe+ )T f o+
/$2Sinh(1+x+x2) dx:§x3sinh<x2+x+—>+( z+1)° P52 ))

4 6((2z+1)°)*

2z+1)°T(3, -1 @2z +1)%)
6 (~(2x+1))}

2z+1)°T(3, 1 (22 +1)%)
8((2z+1)°)*

2z+1)°T(3, -1 @2z +1)%)
(-(2z +1)%)

+1 (1 @e+1)?) 1 (-1 @e+1)?)

48
1 1 2 1 1 2
—ZF(2,4(2x—I—1)) 41"(2, 4(2x+1)>

input Lintegrate (x"2*sinh (1/4+x+x"2) ,x, algorithm="maxima")

/

output | 1/3*x~3*sinh(x"2 + x + 1/4) + 1/6%(2*x + 1) 5xgamma(5/2, 1/4*(2*x + 1)72)/
((2xx + 1)72)°(5/2) + 1/6%(2%x + 1) bxgamma(5/2, -1/4*(2*x + 1)72)/(-(2*x
+ 1)72)7(5/2) + 1/8%(2*x + 1) 3*%gamma(3/2, 1/4*(2*x + 1)7°2)/((2*x + 1)72)~
(3/2) + 1/8%(2*%x + 1)~ 3*gamma(3/2, -1/4*%(2*x + 1)72)/(-(2*x + 1)72)~(3/2)
+ 1/48%e~(1/4x(2%x + 1)72) - 1/48xe~(-1/4*(2*x + 1)72) - 1/4*gamma(2, 1/4*
(2%x + 1)72) - 1/4*gamma(2, -1/4*(2*x + 1)72)

3.11. | ?sinh (i + 4+ xz) dz
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3.11.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.29 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.80

/xz sinh (411 +x+ xz) der = % 2z — l)e(’”2+ﬂ”+i) + % 2z — 1)6(—””2—9”—%)

3 1 1. . 1.
- 1—6\/7_7erf <x+§) - Ezﬁerf (—zx— 5@)

input Lintegrate (x"2%sinh(1/4+x+x72) ,x, algorithm="giac")

output‘l/8*(2*x - D*e”(x72 + x + 1/4) + 1/8x(2*%x - 1)*e”(-x"2 - x - 1/4) - 3/16%
'sqrt(pi)kerf(x + 1/2) - 1/16%I*sqrt(pi)*ert(-Tkx - 1/2%I)

3.11.9 Mupad [F(-1)]

Timed out.
1
/xQSinh (411 +w+x2> dr = /x2sinh(x2 +x+ Z) dz

input Lint(x“2*sinh(x + x72 + 1/4),%)

output Lint(x“Q*sinh(x + x72 + 1/4), x)

3.11. | ?sinh (i +z4+ xz) dz
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3.12  [zsinh (;+z+12?) do

3.12.1 Optimal result . . . . . . . . . .. 104
3.12.2 Mathematica [A] (verified) . . . . . . . .. ... .. L o 104
3.12.3 Rubi [A] (verified) . . . . . ... .. 105
3.12.4 Maple [C] (verified) . .. . ... ... ... 106!
3.12.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 107
3.12.6 Sympy [F] . . . . . 107
3.12.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 107
3.12.8 Giac [C] (verification not implemented) . . . .. .. ... ... ....... 108
3.12.9 Mupad [F(-1)] . . . o o 109

3.12.1 Optimal result

Integrand size = 11, antiderivative size = 52

(1 ) 1 1 1 1
/xsmh(4+x+x) dz—2cosh(4+x+x) 8\/7_rerf(2( 1 2x)>
— éﬁerﬁ(%(l + 290))

output \ 1/2%cosh(1/4+x+x"2)+1/8%erf (1/2+x)*Pi~(1/2)-1/8%erfi(1/2+x)*Pi~(1/2)

3.12.2 Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.44

1
/msinh <4_1 +x+x2> dzx

_ 2(1 + v/e) cosh(z(1 + z)) + vey/merf(5 + z) — vey/merfi( + z) + 2(—1 + /e) sinh(z(1 + z))

8v/e

input LIntegrate [x*Sinh[1/4 + x + x72],x] J

e B

(2%(1 + Sqrt[E])*Cosh[x*(1 + x)] + E~(1/4)*Sqrt[Pil*Erf[1/2 + x] - E~(1/4)
 #Sqrt[Pil+Er£i[1/2 + x] + 2+(-1 + Sqrt[E])*Sinh[x*(1 + x)1)/(8+E(1/4)) |

output

3.12. J zsinh (i +z+ zz) dz
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3.12.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.10, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 455 Ryjes used = {5905,

integrand size
5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/wsinh <x2+x+ 4> dxr

lsmm

1 9 1 1 . 9 1
2003h<x +x+4>—2/smh<x +w+4> dx

l 5897

1/1 1 1 1
3 (2 /e'“Q_z_}ldz - 2/em2+z+411dz> + 3 cosh <a:2 +z+ 4)

l.2664

1/1 1 2 1 1 2 1 1
/1 —12z+1) 1 L(2z41) 1 2 1
2<2/e 1 dz 2/64 dx>+2cosh<x +x+4>

| 2633
1/1 1 2 1 1 1 1
L[ togqrz, 1 1 1 2 1
2<2/e 1 dz 4\/7_rerﬁ<2(2x+1)>)+2cosh(m +x+4)
| 2634

;(iﬁerf<;(2w + 1)> — iﬁerﬁ<;(2x + 1)>> + %cosh <x2 +z+ i)

Int[x*Sinh[1/4 + x + x~2],x]

N

output | Cosh[1/4 + x + x"2]/2 + ((Sqrt[Pil*Erf[(1 + 2#x)/2]1)/4 - (Sqrt[Pil*Erfil(1

‘ + 2%x)/21)/4)/2

3.12. J zsinh (i +z+ zz) dz
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3.12.3.1 Defintions of rubi rules used

rule 2633 Int [(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)#*Rt[bxLog[F], 211/ (2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

rule 2634 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Logl[Fl, 21)), x]1 /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl

rule 2664 Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b2/
(4%c))  Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

rule 5897 Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E"
(a + b*x + c*x”2), x], x] - Simp[1/2 Int[E~(-a - b*x - c*x72), x], x] /;
FreeQ[{a, b, c}, x]

rule 5905 Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[ex(Cosh[a + b*x + c*x72]/(2xc)), x] - Simp[(b*e - 2*cxd)/(2%c) I
nt[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, 4, e}, x] && NeQ[b*e -
2xcxd, 0]

3.12.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.39 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.94

method | result Size
(1+22)? 1 t22)2 Ny
. - f(lq ¢ 41
risch e T + er (2 8$)\/‘7f + eT + iy/T er 8(z:c 21) 49

input | int (x*sinh(1/4+x+x~2) ,x,method=_RETURNVERBOSE)

N\

output ‘ 1/4%exp(-1/4x (1+2xx) "2)+1/8xerf (1/2+x) *Pi~ (1/2) +1/4*exp (1/4* (1+2%x) ~"2)+1/8
| ¥I*Pi”(1/2)*erf (Ixx+1/2+I)

3.12. J zsinh (i +z+ zz) dz
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3.12.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 108 vs. 2(28) = 56.

Time = 0.25 (sec) , antiderivative size = 108, normalized size of antiderivative = 2.08

1
/xsinh (Z +x—|—x2> dx

_2cosh(x2+z+;11)2+4cosh(x2+a:+i)sinh(ﬂ—i—x—l—}i)+2sinh(x2+z+;i)2+\/7_r(cosh(x2+z
- 8 (cosh (22 +z+ 1) -

input‘integrate(x*sinh(1/4+x+x“2),x, algorithm="fricas") ‘

output‘ 1/8%(2*cosh(x"2 + x + 1/4)72 + 4*cosh(x"2 + x + 1/4)*sinh(x"2 + x + 1/4) + \
‘ 2xsinh(x"2 + x + 1/4)72 + sqrt(pi)*(cosh(x"2 + x + 1/4)*erf(x + 1/2) - co
(sh(x™2 + x + 1/4)xerfi(x + 1/2) + (erf(x + 1/2) - erfi(x + 1/2))*sinh(x"2 |
\+ x + 1/4)) + 2)/(cosh(x™2 + x + 1/4) + sinh(x™2 + x + 1/4)) \

3.12.6 Sympy [F]

1
/xsinh (i+x+x2) dx:/xsinh (w2+x+1) dz

input‘ integrate (x*sinh (1/4+x+x**2) ,x) J

output‘ Integral (x*sinh(x**2 + x + 1/4), x) ‘

3.12.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 123 vs. 2(28) = 56.

3.12. J zsinh (i + 4+ zz) dz
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Time = 0.27 (sec) , antiderivative size = 123, normalized size of antiderivative = 2.37

1\ @2z+1)°T(3,122+1)?%
4) a

1 1
/xsinh<1+x+x2> dxzéxzsinh(x2+x+— 3
4(2z+1)*)°

2z +1)°T(3, -1 (22 +1)%)

1 1 AN 1 .
+4I‘(2,4(2x+1))+4F(2, 4(2z+1)>

p
inputLintegrate(x*sinh(1/4+x+x“2),x, algorithm="maxima"

output‘ 1/2*xx"2*sinh(x"2 + x + 1/4) - 1/4x(2*x + 1)~ 3*gamma(3/2, 1/4*(2*x + 1)72)/
\((2*x + 1)72)7(3/2) - 1/4%(2*x + 1)~ 3*%gamma(3/2, -1/4*%(2*x + 1)72)/(-(2*x
‘+ 1)72)7(3/2) - 1/16xe” (1/4x(2*%x + 1)72) + 1/16*%e”(-1/4%(2*xx + 1)72) + 1/4
‘*gamma(2, 1/4%(2%x + 1)72) + 1/4*gamma(2, -1/4*(2*x + 1)72)

3.12.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.83

-

input  integrate(x*sinh(1/4+x+x"2),x, algorithm="giac")

N\

output‘1/8*sqrt(pi)*erf(x + 1/2) - 1/8xI*xsqrt(pi)*erf(-I*x - 1/2%I) + 1/4*e”(x"2
4 x + 1/4) + 1/4xe”(-x"2 - x - 1/4)

3.12. J zsinh (i + 4+ zz) dz
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3.12.9 Mupad [F(-1)]

/msinh <211+x+x2> dx=/xsinh<m2+z+}1> dz

Timed out.

input tint(x*sinh(x + x72 + 1/4) ,%)

outputtint(x*sinh(x + x72 + 1/4), x)

3.12. J zsinh (i + 4+ zz) dz
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3.13 [sinh (5 + = + 2?) dz

3.13.1 Optimalresult . . . . .. .. . ... . 1101
3.13.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 110
3.13.3 Rubi [A] (verified) . . . . . . .. .. 111
3.13.4 Maple [C] (verified) . . . .. . . .. . .. 112
3.13.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 112
3.13.6 Sympy [F] . . . . . 113
3.13.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. I
3.13.8 Giac [C] (verification not implemented) . . . . ... ... ... ....... 113
3.13.9 Mupad [F(-1)] . . . . o o 114

3.13.1 Optimal result

Integrand size = 9, antiderivative size = 39

/sinh (;11 +z+ x2) dr = }lﬁerf(%(—l - 2x)) + }lﬁerﬁ (%(1 + 2z))

output | -1/4*erf (1/2+x)*Pi~(1/2)+1/4xerfi(1/2+x)*Pi~(1/2)

3.13.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.62
(1 ) 1 1 1
sinh Z—l—m-{-x dx=zl\/7_r —erf §+x + erfi §+x

input LIntegrate[Sinh[l/ll + x + x°2],x] J

-

outputL(Sqrt [Pil*(-Erf[1/2 + x] + Erfi[1/2 + x]))/4

~—

3.13.  [sinh (i +z+ zz) dz
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3.13.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 144 Ryles used = {5897,

integrand size
2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sinh <ac2 + x4+ i) dx

l 5897

1 1
2/ez2+x+}1d:c— 2/6_“"2_””_16&:

l 2664
;/ei(2z+l)2dw_;/e—i(2m+1)2d:p
l 2633
iﬁerﬁ@(zxﬂ)) —;/e—i@HUde
l 2634

iﬁerﬁe(zx i 1)) - iﬁerf(é(zx T 1))

input | Int[Sinh[1/4 + x + x~2],x]

r

output L-1/4* (Sqrt [Pil#Erf[(1 + 2%x)/2]) + (Sqrt[Pil*Erfil[(1 + 2xx)/2])/4

~—

3.13.3.1 Defintions of rubi rules used

rule 2633 ‘(Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
‘[Pi]*(Erfi[(c + d*x)*Rt [bxLog[F], 2]1/(2*d*Rt[b*Log[F], 21)), x] /; FreeQ[{
‘F, a, b, ¢, d}, x] && PosQ[b]

~—

3.13.  [sinh (i +z+ zz) dz
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rule 2634 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Logl[Fl, 21)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

rule 2664 Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4%c))  Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

ruka5897/Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~
(a + b*x + c*x™2), x], x] - Simp[1/2 Int[E"(-a - b*x - c*x~2), x], x] /;
FreeQ[{a, b, c}, x]

3.13.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.39 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.64

method | result size
1 . . 1,
risch _ erf( 5 l—x) VT T erfizx—i— 5 z) 95
input Lint (sinh(1/4+x+x"2) ,x,method=_ RETURNVERBOSE) J

output | -1/4*erf (1/2+x)*Pi~(1/2)-1/4*%I*Pi~(1/2)*erf (I*x+1/2%I)

N

3.13.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.41
(1 \ 1 1 1
/smh <Z+m+x > dr = —Zﬁ(erf <m+§) —erfi (x+§>)

inputLintegrate(sinh(1/4+x+x‘2),x, algorithm="fricas") J

e

outputL—1/4*sqrt(pi)*(erf(x + 1/2) - erfi(x + 1/2))

A >

3.13.  [sinh (i +z+ zz) dz
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3.13.6 Sympy [F]

1 1
/sinh(z+x+x2) dx=/sinh(x2+x+1) dx

input‘integrate(sinh(1/4+x+x**2),x)

~—

-

output LIntegral(sinh(x**Z +x + 1/4), %)

-/

3.13.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 94 vs. 2(19) = 38.

Time = 0.26 (sec) , antiderivative size = 94, normalized size of antiderivative = 2.41

2 1°%0(3.1 (2 1)2 2 1D30(3 —1 (9 12
/sinh(1+x+x2)dx:(z+) (274(33"‘))_'_(35"‘) (3,-1(2z+1)%)

2(2z+1)) 2 (—(22 +1))?

1\ | 1 (1¢a 1 (_1(oae1)?
+ zsinh <$2+x+1> +Ze<‘11(2 +1)?) _Ze< L22+1)?)

-

inputLintegrate(sinh(1/4+x+x‘2),x, algorithm="maxima")

-/

output‘ 1/2%(2%x + 1)~ 3xgamma(3/2, 1/4*%(2*x + 1)72)/((2*x + 1)72)~(3/2) + 1/2%(2*x
‘ + 1)"3xgamma(3/2, -1/4*(2*x + 1)72)/(-(2*x + 1)72)7(3/2) + x*sinh(x"2 + x
+ 1/4) + 1/4xe”(1/4x(2%x + 1)72) - 1/4*%e”(-1/4x(2xx + 1)72)

N\

3.13.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.27 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.54

1 1 1 1 1
/Sinh <4_l +x+x2> dr = ~1 Verf (m+§) + Ziﬁerf (—z'x— 52)

-

input  integrate(sinh(1/4+x+x72),x, algorithm="giac")

N

output L—1/4*sqrt(pi)*erf(x + 1/2) + 1/4*I*sqrt(pi)*erf (-Ixx - 1/2%I)

3.13.  [sinh (i +z+ zz) dz
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3.13.9 Mupad [F(-1)]

/sinh <211+x+x2> dx=/sinh(w2+z+}1) dz

Timed out.

inputtint(sinh(x + x72 + 1/4) ,%)

outputtint(sinh(x + x72 + 1/4), x)

3.13.  [sinh (i +z+ zz) dz
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sinh ( ! +x+:1:2>

314 [——Ydz

3.14.1 Optimal result . . . . . . . . . ... 1T5]
3.14.2 Mathematica [N/A] . . . . . . . .. 115
3.14.3 Rubi [N/A] . . o oo 116
3.14.4 Maple [N/A] (verified) . . . . . . . . ... . 176l
3.14.5 Fricas [N/A] . . . . . 117
3.14.6 Sympy [N/A] . . . . 117
3.14.7 Maxima [N/A] . . . . . . e 117
3.14.8 Giac [N/A] . . . . o o e 118
3.14.9 Mupad [N/A] . . . . INEY

3.14.1 Optimal result

Integrand size = 13, antiderivative size = 13

/ sinh (1 + z + 2?) o — Int (Sinh (2 +z+2?) z)
x

outputLUnintegrable(sinh(1/4+x+x‘2)/x,x) J

3.14.2 Mathematica [N/A]
Not integrable

Time = 6.33 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/sinh(;i+x+:c2) dx_/sinh(i+z+x2) s

T T

-

input‘Integrate[Sinh[1/4 + x + x72]1/x,x]

p >

-

output LIntegrate [Sinh[1/4 + x + x~2]/x, x]

-/

3.14. [ omhlres?) g,

T
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3.14.3 Rubi [N/A]

Not integrable

Time = 0.16 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5915}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

inh (22 1
/sm (:c;—a:+4) i

J,5915

inh (22 1
/sm (w;—w—i—ddx

input‘ Int[Sinh[1/4 + x + x~2]/x,x]

output L$Aborted

3.14.3.1 Defintions of rubi rules used

e

rule 5915 | Int [((d_.) + (e_.)*(x_))~(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_S
‘ymbol] :> Unintegrable[(d + e*x) “m*Sinh[a + b*x + c*x~2], x] /; FreeQ[{a, b

, ¢, d, e, m}, x]

|\

3.14.4 Maple [N/A] (verified)

Not integrable

Time = 0.24 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

/sinh(‘—ll+x+x2)d
T

X

p

input | int (sinh(1/4+x+x"2)/x,x)

~—

-

output Lint (sinh(1/4+x+x~2)/x,x)

-/

3.14. [ omhlres?) g,

T
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3.14.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

sinh (3 + z + 2?) _ [ sinh (22 +z+ 1)
/ . dx —/ . dx

inputLintegrate(sinh(1/4+x+x“2)/x,x, algorithm="fricas")

output Lintegral(sinh(x’? +x + 1/4)/x, %)

3.14.6 Sympy [N/A]

Not integrable

Time = 0.59 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

/Sinh(;ll+x+m2) dm_/sinh(x2+x+é—i) i
T T

inputLintegrate(sinh(1/4+x+x**2)/x,x)

output‘Integral(sinh(x**2 +x + 1/4)/x, %)

3.14.7 Maxima [N/A]

Not integrable

Time = 0.65 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/sinh(;ll+r+:v2) dx_/sinh(x2+m+zll) o

T T

inputLintegrate(sinh(1/4+x+x‘2)/x,x, algorithm="maxima")

output Lintegrate(sinh(x? +x + 1/4)/x, %)

3.14. [ omhlres?) g,

T
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3.14.8 Giac [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

sinh (1 + z + 2?) [ sinh (> +z+1)
/ . dx —/ - dx

inputLintegrate(sinh(1/4+x+x‘2)/x,x, algorithm="giac")

output tintegrate(sinh(x’? +x + 1/4)/x, x)

3.14.9 Mupad [N/A]
Not integrable

Time = 1.09 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/mmﬂi+x+x%dx_/wmh@?+x+§%m

T T

inputlint(sin.h(x + x72 + 1/4)/%,%)

outputtint(sinh(x + x72 + 1/4)/x, x)

3.14. [ omhlres?) g,

T
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sinh ( ! +:c+:1:2>

315  [— 5 —Ldz

3.15.1 Optimal result . . . . . . . . . .. . . 1191
3.15.2 Mathematica [N/A] . . . . .. . .. . 119
3153 Rubi [N/A] © o o oo e e e 20
3.15.4 Maple [N/A] (verified) . . . . . . . .. ... 1211
3.15.5 Fricas [N/A] . . . . . . 122
3.15.6 Sympy [N/A] . . . . 122
3.15.7 Maxima [N/A] . . . . . . 122
3.15.8 Giac [N/A] . . . . o o e 123
3.15.9 Mupad [N/A] . . . . o 123]

3.15.1 Optimal result

Integrand size = 13, antiderivative size = 13

/ sinh (3 +2+2%) —%ﬁerf(%(—l — 2z)> + %ﬁerﬁ(%(l + 2m)>

72
i 1 2 1 2
_smh(4-;x+m ) +Irlt<cosh(4—|—ac-i-ac ),m>

X

output \ -sinh(1/4+x+x"2) /x+1/2%erf (1/2+x) *Pi~(1/2)+1/2*xerfi (1/2+x)*Pi~ (1/2)+Uninte \
‘grable(cosh(1/4+x+x‘2)/x,x) ‘

3.15.2 Mathematica [N/A]
Not integrable

Time = 8.13 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/sinh(;i+x+x2) dx_/sinh(§+z+x2) i

2 2

e

input LIntegrate [Sinh[1/4 + x + x72]/x72,x]

\ J

output LIntegrate[Sinh[l/ZL +x + x721/x°2, x]

-/

3.15. [ Smhltered) g

x2
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3.15.3 Rubi [N/A]

Not integrable

Time = 0.40 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {5913,

integrand size
5898, 2664, 2633, 2634, 5916}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

inh 2 1
/sm (a; +x+4) da

72
l 5913
h 2 1 inh 2 1
2/cosh<m2+x+1>dx+/cos (e +%-I_‘l)dnv:—sm (@2 +z+3)
4 x x
l 5898
2(1/6_$2_m_‘11d$+1/6m2+z+}1d$> +/COSh (m2+m+i)dw_ sinh (w2+x+%)
2 2 T x
l 2664
2 1 . 2 1
/COSh (= +x+4)d.’1:—+—2(1/6_‘11(2E+1)2d$—|—1/6‘11(2z+1)2d.'1}) _ sinh (2 + 2+ 3)
x 2 2 T
l 2633
2 1 ; 2 1
2 1/6_411(2‘”+1)2dx+1ﬁerﬁ 1(2:1:+1) +/COSh (= +x+4)dw—smh (@*+o+3)
2 4 2 T T
l 2634
h 2 1 inh 2 1
/cos (z +x+4)dw+2 lﬁerf 1(293-1—1) +1\/7_rerﬁ 1(29:-1—1) _ sin (e +z+3)
x 4 2 4 2 T
l 5916
h (z? o inh (2 1
/cos (z ;—m"' 4)dx+2<i\/77erf<;(2x+1)> + iﬁerﬁ<;(2m+1)>> _ sin (z ;—x-i— )

-

Int[Sinh[1/4 + x + x~2]1/x"2,x]

output ‘ $Aborted

3.15. [ Smhltered) g

x2




rule 2633

rule 2634

rule 2664

rule 5898

rule 5913

rule 5916
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3.15.3.1 Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)#*Rt[bxLog[F], 211/ (2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Log[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4xc))  Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E™
(a + bxx + oxx2), x, x] + Simp[1/2  Int[E"(-a - bxx - cxx"2), x], x] /;
FreeQ[{a, b, c}, x]

N\

Int[((d_.) + (e_.)*(x_)) " (m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sy
mbol] :> Simp[(d + e*x)~(m + 1)*(Sinh[a + b*x + c*x"2]/(ex(m + 1))), x] + (
-Simp[(b*xe - 2*cxd)/(e"2*x(m + 1)) Int[(d + e*x)"(m + 1)*Cosh[a + b*x + cx*
x~2], x]1, x] - Simp[2*(c/(e”2*(m + 1))) Int[(d + e*x)~(m + 2)*Cosh[a + b*
x + c*x~2], x], x]1) /; FreeQ[{a, b, c, d, e}, x] && LtQ[m, -1] && NeQ[bxe -
2%cxd, 0]

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_.), x_S
ymbol] :> Unintegrable[(d + e*x) m*Cosh[a + b*x + c*x~2], x] /; FreeQ[{a, b
» ¢, d, e, m}, x]

3.15.4 Maple [N/A] (verified)
Not integrable
Time = 0.26 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

sinh (; 4 = + 2?)
/ 4 p dz

input Lint (sinh(1/4+x+x~2)/x~2,%)

3.15. [ Smhltered) g

x2
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output Lint (sinh(1/4+x+x72)/x"2,%)

3.15.5 Fricas [N/A]
Not integrable
Time = 0.26 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

. 1 2 ; 2 1
/smh(4 ;U|—2x+x ) dxz/smh(:cx—;—x+4) "

inputLintegrate(sinh(1/4+x+x“2)/x“2,x, algorithm="fricas")

outputtintegral(sinh(x“2 +x + 1/4)/x72, x)

3.15.6 Sympy [N/A]
Not integrable
Time = 0.42 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

inh (% 2 inh (22 1
/sm (4;;I—2a:+a:)dx:/sm (:cw—;—x+4)dx

input Lintegrate (sinh(1/4+x+x*%2) /x**2,x)

output LIntegral(sinh(x**2 + x + 1/4)/x%%2, x)

-/

3.15.7 Maxima [N/A]
Not integrable
Time = 0.48 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/Sinh(;ll—i—x-l—x?) dw_/sinh(x2+z+;ll) .

x2 x2

inputLintegrate(sinh(1/4+x+x‘2)/x‘2,x, algorithm="maxima")

output Lintegrate(sinh(x? +x + 1/4)/x°2, %)

3.15. [ Smhltered) g

x2
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3.15.8 Giac [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

inh (1 2 inh (22 1
/sm (4;—2x+x)dx:/sm (xx—;—x+4)dx

inputLintegrate(sinh(1/4+x+x‘2)/x“2,x, algorithm="giac")

output tintegrate(sinh(x’? +x + 1/4)/x72, x)

3.15.9 Mupad [N/A]
Not integrable

Time = 1.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/mmﬂi+x+x%dx_/wmh@?+x+§%m

2 2

inputLint(sinh(x + x72 + 1/4)/x72,%)

outputtint(sinh(x + x72 + 1/4)/x72, %)

3.15. [ Smhltered) g

x2



output
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3.16 [ z?sinh® (a + bz + cz?) dz

3.16.1 Optimal result . . . . . . .. . ... . 124
3.16.2 Mathematica [A] (verified) . . . . . .. . ... ... Lo oL 125
3.16.3 Rubi [A] (verified) . . . . . . ... ... 125
3.16.4 Maple [A] (verified) . .. . ... . ... ...
3.16.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 127
3.16.6 Sympy [F] . . . . . . 128
3.16.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 128]
3.16.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 129
3.16.9 Mupad [F(-1)] . . . . . 129

3.16.1 Optimal result

Integrand size = 17, antiderivative size = 268

2,-2+% /7 (b+2cm> o—2at5 (b+2ca:)
/.’L'2Sinh2 (a—i—bx—l—cwz) d.’L':—x_3+be 2 \/;erf \/5\/5 N % \/_erf
6 32c5/2 32¢3/2
p2e20-S \/_erﬁ <b+20w> \/_erﬁ <b+2cz>
+ 32c5/2 32¢3/2

bsinh (2a + 2bz + 2cz?)  zsinh (2a + 2bx + 2cx?)
- +

16¢2 8c

N\

-1/6*x"3-1/16%b*sinh (2*xc*x~2+2*b*x+2%a) /c~2+1/8*x*ksinh (2*c*x~2+2*b*x+2%*a) /
c+1/64%b~2*exp (-2*a+1/2*¥b~2/c)*xert (1/2*% (2xc*x+b)*2~(1/2) /c~(1/2))*2"(1/2) *
Pi~(1/2)/c”(5/2)+1/64*xexp(-2xa+1/2*¥b"2/c) *erf (1/2* (2*c*xx+b) *2~(1/2) /c~(1/2
)) %27 (1/2)*Pi~(1/2)/c~(3/2) +1/64%b~2%exp (2*a-1/2%b~2/c) *erfi (1/2* (2*c*x+b)
*27(1/2)/c~(1/2))*27(1/2)*Pi~(1/2) /c~(5/2)-1/64*exp(2*a-1/2*b"2/c) *erfi(1/
2% (2xc*xx+b)*27(1/2) /¢~ (1/2))*2~(1/2)*Pi~(1/2) /c~(3/2)

3.16.  [x%sinh®(a + bz + c2?) dz
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3.16.2 Mathematica [A] (verified)

Time = 0.54 (sec) , antiderivative size = 176, normalized size of antiderivative = 0.66

/ z2 sinh? (a + bz + cm2) dz

3(b* +¢) \/ﬁerf@jﬁiﬁ) <cosh <2a — g—i) — sinh (2a — %)) +3(* —¢) \/%erﬁ<i’}2—2%> (cosh <2a — %
- 19262 |

input‘ Integrate[x"2*Sinh[a + b*x + c*x72]72,x] ‘

output‘ (3% (b2 + c)*Sqrt[2*Pi]*Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a - b~2 ‘
|/(2%c)] - Sinh[2%a - b~2/(2%c)]1) + 3%(b™2 - c)*Sqrt[2+Pil*Erfil(b + 2%c¥x) |
' /(Sqrt [2]#Sqrt[c])1*(Cosh[2*a - b~2/(2%c)] + Sinh[2*a - b~2/(2%c)]) - 4xSq |
‘rt [c]*(8*%c™2*%x"3 + 3*(b - 2*c*x)*Sinh[2*(a + x*x(b + c*x))]1))/(192%c~(5/2)) ‘

3.16.3 Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 268, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Lumber of rules _ ( 118 Ryles used

integrand size
= {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ x? sinh? (a + bx + cwz) dx
l 5917

1, 9 x2
3% cosh (2a + 2bz + 2cz”) — 5 dz

l 2009
2o b2 9 02 _9 b+2 22 b+2
V5ex “erf(ﬁ\%> V/5brez “erf(ﬁ\%) - V5er 2cerﬁ(\/§%) .
. 3203/2 3205/2 32¢3/2
s G—L CT
VEb2e? 2 erﬁ(%%) _ bsinh (2a + 2bz + 2cz?) L2 sinh (2a + 2bz + 2cz?) B a::’
32c5/2 16¢2 8c 6
input LInt [x~2#Sinh[a + b*x + c*xx~2]72,x] J

3.16.  [x%sinh®(a + bz + c2?) dz
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output | -1/6xx~3 + (b"2*E~(-2%a + b~2/(2%c))*Sqrt [Pi/2]*+Erf [(b + 2*c*x)/(Sqrt[2]*S
qrt[c])1)/(32%c~(5/2)) + (E~(-2*a + b~2/(2%c))*Sqrt[Pi/2]*Erf[(b + 2*c*x)/
(Sqrt[2]1*Sqrt[c])]1)/(32%c™(3/2)) + (b"2xE~(2*a - b~2/(2*c))*Sqrt [Pi/2]*Erf
i[(b + 2xc*x)/(Sqrt[2]*Sqrt[c])])/(32*c~(5/2)) - (E~(2*a - b~2/(2%c))*Sqrt
[Pi/2]1#Erfi[(b + 2*c*x)/(Sqrt[2]1*Sqrtlc]l)])/(32%c~(3/2)) - (b*Sinh[2*a + 2
*bxx + 2xcxx"2])/(16%c”2) + (x*Sinh[2*a + 2%b*x + 2%c*x~2])/(8%*c)

3.16.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk35917‘Int[((d_.) + (e_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)
, X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x~2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, n}, x] & IGtQ[n, 1] |

3.16.4 Maple [A] (verified)

Time = 0.85 (sec) , antiderivative size = 281, normalized size of antiderivative = 1.05

method | result

4ac—b? 4ac—b>
. h 3 re—2¢ z2 —2bz—2a be—2c 22 —2bz—2a b2\/7?e_ 2¢c \/i erf(\/i \ﬁz‘i‘ gg) + \/7?6_ 2¢c \/i erf(\/i \ﬁz'i'%
T1SC —_— =
6

5 3
16¢ 32¢2 64c3 64ch

input | int (x~2*sinh (c*x~2+b*x+a) ~2,x,method=_RETURNVERBOSE) ‘

output | -1/6%x~3-1/16/c*x*exp (-2*%c*xx~2-2xb*x-2%a)+1/32%b/c”2*exp (-2*c*x~2-2%b*x—-2%
a)+1/64*%b"2/c~(5/2)*Pi~ (1/2) *exp(-1/2*x (4*axc-b"2) /c)*2~ (1/2) xerf (2~ (1/2) *c
~(1/2) *x+1/2%b%27(1/2) /¢~ (1/2) )+1/64/c~ (3/2) ¥Pi~ (1/2) *exp (-1/2* (4*xa*c-b"2)
/c)*27(1/2) *erf (27 (1/2) *c™ (1/2) *x+1/2%b*2~(1/2) /c~(1/2) ) +1/16/c*x*exp (2*c*
X"2+2%b*x+2%a) —1/32%b/c”2%exp (2% c*x"2+2%b*x+2%a) -1/32%¥b~2/c"2*xPi~ (1/2) *exp
(1/2% (4xa*xc-b~2)/c)/(-2%c) ~(1/2) xerf (- (-2%c) " (1/2) *x+b/ (-2%c) ~(1/2) )+1/32/
c*Pi~(1/2) *exp(1/2* (4xaxc-b~2)/c)/(-2*c)~(1/2) *erf (- (-2*c)~(1/2) *x+b/ (-2*c
)=(1/2))

3.16.  [x%sinh®(a + bz + c2?) dz
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3.16.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 766 vs. 2(210) = 420.

Time = 0.26 (sec) , antiderivative size = 766, normalized size of antiderivative = 2.86

/w2 sinh? (a + bz + cxz) dr =

32 323 cosh (cx? + bz + a)” — 6 (2 2z — be) cosh (cz? + bz + a)* — 24 (2 2z — be) cosh (ca? + bz + a)

input‘integrate(x*2*sinh(c*x“2+b*x+a)“2,x, algorithm="fricas")

output

-1/192%(32*c~3*x"3*cosh(c*x™2 + b*x + a)~2 - 6%(2*xc”2*x — b*c)*cosh(c*x™2
+ b*x + a)~4 - 24x(2%c”2*x - b*c)*cosh(c*x™2 + b*x + a)*sinh(c*x~2 + b*x +
a)~3 - 6x(2xc”2%x - bxc)*sinh(c*x"2 + b*x + a)”4 + 3x*sqrt(2)*sqrt(pi)*((b
~2 - c)*cosh(c*x”"2 + b*x + a) 2xcosh(-1/2*(b"2 - 4*a*c)/c) + (b~2 - c)*cos
h(c*x"2 + b*x + a) 2*sinh(-1/2*(b"2 - 4x*a*c)/c) + ((b™2 - c)*cosh(-1/2%(b"
2 - 4*a*xc)/c) + (b"2 - c)*sinh(-1/2*(b"2 - 4*a*c)/c))*sinh(c*x"2 + b*x + a
)72 + 2x((b"2 - c)*cosh(c*x™2 + b*x + a)*cosh(-1/2*%(b~2 - 4*axc)/c) + (b"2
- c)*cosh(c*x™2 + b*x + a)*sinh(-1/2*(b~2 - 4*axc)/c))*sinh(c*x~2 + b*x +
a) ) *sqrt (-c)*erf (1/2xsqrt (2) *(2*c*x + b)*sqrt(-c)/c) - 3*sqrt(2)*sqrt(pi)
*((b"2 + c)*cosh(c*x~2 + b*x + a) 2*cosh(-1/2%(b"2 - 4*a*c)/c) - (b™2 + c)
*cosh(c*x”2 + b*x + a) " 2*sinh(-1/2*(b"2 - 4*a*c)/c) + ((b"2 + c)*cosh(-1/2
*(b"2 - 4*a*c)/c) - (b™2 + c)*sinh(-1/2*(b"2 - 4*a*c)/c))*sinh(c*x”~2 + b*x
+ a)”2 + 2% ((b"2 + c)*cosh(c*x”™2 + b*x + a)*cosh(-1/2*(b"2 - 4*a*c)/c) -
(b"2 + c)*cosh(c*x”™2 + b*x + a)*sinh(-1/2*(b"2 - 4*a*c)/c))*sinh(c*x"2 + b
*x + a))*sqrt(c)*erf (1/2*sqrt(2)*(2*c*x + b)/sqrt(c)) + 12kc™2*x + 4*(8*c”
3*xx"3 - 9*(2xc”2xx - b*c)*cosh(c*x"2 + b*x + a) 2)*sinh(c*x~2 + b*x + a)~2
- 6xb*c + 8*%(8+c”3*x"3*cosh(c*x”™2 + b*x + a) - 3*(2*c”2*x - b*c)*cosh(c*x
"2 + b*x + a)”~3)#*sinh(c*x"2 + b*x + a))/(c"3*cosh(c*x™2 + b*x + a)”2 + 2xc
~3*%cosh(c*x~2 + b*x + a)*sinh(c*x~2 + b*x + a) + c”3*sinh(c*xx™2 + b*x + a)
~2)

3.16.  [x%sinh®(a + bz + c2?) dz
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3.16.6 Sympy [F]

/x2 sinh? (a + bz + cx2) dr = /x2 sinh? (a + bz + cxz) dx

inputLintegrate(x**2*sinh(c*x**2+b*x+a)**2,x)

~—

-

i

output | Integral (x**2*sinh(a + b*x + cxx**2)**2, x)

- J

3.16.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 294, normalized size of antiderivative = 1.10

1
/x2 sinh? (a+ bz +cz?) dz = ~5 z3

2 2 cxz+b 2 2
(2 cz-+b)b? (erf<\/§\/@>—1) 2\/%6(%) 2(2cw+b)31“<%,—%> (2a-22)
_ e

i 2c
V2 V- @t o i (- @erv?)E ]
+ 64/
V(2 cz+b)b? (erf(\/g\/ M) —1) 2\/§bce<_%> 2(20517"‘1’)311(%’%) (_za_q_ﬁ)
\/5 2 5 + 5 - 3 € ze
\/(2 c:v:—b) (—c)2 (—c)2 ((2 cz+b)2 ) 2 (_C)%’
a 64 /—c

e

inputtintegrate(x‘2*sinh(c*x‘2+b*x+a)‘2,x, algorithm="maxima")

~—

output | -1/6*x~3 + 1/64*sqrt(2)*(sqrt(pi)*(2*cxx + b)*b~2*(erf (sqrt (1/2) *sqrt (- (2*
c*x + b)~2/c)) - 1)/(sqrt(-(2*cxx + b)~2/c)*c”(5/2)) - 2*sqrt(2)*b*e” (1/2*
(2xcxx + b)~2/c)/c”(3/2) - 2% (2*c*x + b) "3*gamma(3/2, -1/2%(2xc*x + b)"2/c
)/ ((-(2%c*x + b)~2/c)~(3/2)*c™(5/2)))*e~(2%a - 1/2%b~2/c)/sqrt(c) - 1/64%*s
qrt (2) *(sqrt (pi)*(2xc*x + b)*b~2*(erf (sqrt (1/2)*sqrt ((2*c*x + b)~2/c)) - 1
)/ (sqrt ((2*c*x + b)~2/c)*(-c)~(5/2)) + 2*xsqrt(2)*bxc*e”(-1/2%(2*c*x + b) "2
/c)/(-c)~(5/2) - 2%(2%c*x + b) "3*gamma(3/2, 1/2%(2%c*x + b)~2/c)/(((2*c*x
+ b)72/c)7(3/2)*%(-c)~(56/2)) ) e~ (-2%a + 1/2¥b~2/c)/sqrt(-c)

3.16.  [x%sinh®(a + bz + c2?) dz
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3.16.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 182, normalized size of antiderivative = 0.68

/z2 sinh? (a + bz + cx2) dx

v2—4ac
. . V2/7(b%+c) erf(—é\/\if\cﬁ(Zm+ﬁ>>e( 2c 49 (C<2$+ 5—;) _ 2b)e(—2cm2—2bz—2a)
e T 64 c2
Vi et (-3 vave(za+t))el " 7E)
) ™ c)erf(—3 \/jcc z+2))e _9 (C(ZCL'—F LC)) . 2b)e(2cx2+2bx+2a)
64 c2

inputLintegrate(x‘2*sinh(c*x‘2+b*x+a)‘2,x, algorithm="giac")

output -1/6%x"3 - 1/64*(sqrt(2)*sqrt(pi)*(b~2 + c)*erf(-1/2*sqrt(2)*sqrt(c)*(2*x
+ b/c))*e” (1/2%(b"2 - 4xaxc)/c)/sqrt(c) + 2*(c*(2*x + b/c) - 2xb)*e”(-2*c*
X"2 - 2%bxx - 2*a))/c”2 - 1/64x(sqrt(2)*sqrt(pi)* ("2 - c)*erf(-1/2*sqrt(2
)*sqrt(-c)*(2*x + b/c))*e~(-1/2%(b"2 - 4*a*c)/c)/sqrt(-c) - 2*(c*(2*x + b/
c) - 2xb)*xe~ (2%c*x~2 + 2%b*x + 2%*a))/c”2

3.16.9 Mupad [F(-1)]

Timed out.
/x2 sinh?® (a + bz + cz?) dz = /a;2 sinh(cz® + bz + a)2 dz
inputtint(x‘2*sinh(a + b*x + c*x72)72,x) J
outputtint(x‘2*sinh(a + bxx + c*x"2)72, x) J

3.16.  [x%sinh®(a + bz + c2?) dz
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3.17 [ zsinh? (a + bz + cz?) d

3.17.1 Optimal result . . . . . . . . . .. 1301
3.17.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 130
3.17.3 Rubi [A] (verified) . . . . . . .. .. 131
3.17.4 Maple [A] (verified) . .. . ... ... ... 132
3.17.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 132
3.17.6 Sympy [F] . . . . . 133
3.17.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 134
3.17.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 134
3.17.9 Mupad [F(-1)] . . . . o o 135

3.17.1 Optimal result

Integrand size = 15, antiderivative size = 136

2
—2a+% T b+2cx
2 be V3 erf( V2e

/:csinh2 (a+ bz +cz®) do ==

4 16¢3/2
b+2cx
%% erfi 2222 ) . sinh (2a + 2bz + 2ca?)
16¢3/2 8c

output ‘/—1/4*x‘2+1/8*sinh(2*c*x‘2+2*b*x+2*a) /c-1/32%bxexp (-2*a+1/2%¥b~2/c) *erf (1/2*
\(2*c*x+b)*2*(1/2)/c‘(1/2))*2“(1/2)*Pi‘(1/2)/c‘(3/2)—1/32*b*exp(2*a—1/2*b“2
L/c)*erfi(l/Q*(2*c*x+b)*2‘(1/2)/c“(1/2))*2A(1/2)*Pi‘(1/2)/c‘(3/2)

~

3.17.2 Mathematica [A] (verified)

Time = 0.27 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.14

/x sinh® (a + bz + c2?) dz

b\/%erf(b”‘“) (— cosh (2a — —> + sinh <2a — g—i)) bﬁerﬁ(””c"”) <3c/<:sh (Qa — —) + sinh <2a -
32c

input Integrate[x*Sinh[a + b*x + c*x~2]72,x]

3.17. [ zsinh?®(a+ bz + cz?) dx
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output ‘ (bxSqrt [2*Pi] *Exrf [(b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(-Cosh[2*a - b~2/(2*c)] +

‘ Sinh[2*a - b72/(2*c)]) - b*Sqrt[2*Pi]l*Erfi[(b + 2%c*x)/(Sqrt[2]*Sqrt([c])]
\*(Cosh[2*a - b~2/(2%c)] + Sinh[2*a - b~2/(2*c)]) + 4*Sqrtlcl*(-2*c*xx"2 + S
‘inh[2*(a + xx(b + c*x))]1))/(32%c~(3/2))

3.17.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.00,
_ _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.133, Rules used

= {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/:v sinh? (a+ bz + ca:2) dz

l 5917
1 n T
/ ixcosh (2a + 2bx + 2cx ) —3 dr
l 2009
ﬁ_ a CIT ™ a—ﬁ CT
B \/gbezc ? erf(%z\/é) B \/gbe2 2Cerﬁ(%{/§> N sinh (2a+ 2bx + 20552) B :ﬁ
16¢3/2 16¢3/2 8c 4

-

input LInt [x*Sinh[a + b*x + c*x~2]"2,x]

output ‘ -1/4%x72 - (b*E~(-2*%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b + 2*c*x)/(Sqrt[2]*Sqr

\t[c])])/(16*c‘(3/2)) - (b*E~(2*a - b~2/(2%c))*Sqrt [Pi/2]*Erfil[(b + 2*c*x)/
‘ (Sqrt[2]1*Sqrt[cl)])/(16%c~(3/2)) + Sinh[2%a + 2xb*x + 2xc*x~2]/(8*c)

3.17. [ zsinh?®(a+ bz + cz?) dx

| —
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3.17.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5917‘Int[((d_.) + (e_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_) ‘
, X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x~2]"n, x
1, x]1 /; FreeQl{a, b, c, d, e, n}, x] & IGtQ[n, 1] |

3.17.4 Maple [A] (verified)

Time = 1.06 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.04

method | result

_ dac—b2 4ac—b2
risch _x_Q _ e—2cz2—2b:c—2a _ bﬁe 2c \/5 erf(ﬁ\/Ex—i-g—g) e2¢ 22 42bz+2a by/me  2¢ erf(—\/ —20%-’-%)
4 16¢ 326% 16¢ 16¢cv/—2¢

inputLint(x*sinh(c*x‘2+b*x+a)‘2,x,method=_RETURNVERBUSE)

output | -1/4%x~2-1/16/ckexp (~2kckx~2-2+kbkx-2+ka)~1/32%b/c" (3/2) #Pi~ (1/2) *exp(-1/2+(
| 4xaxc-b"2)/c)*27 (1/2)*erf (27 (1/2) %™ (1/2) *x+1/2+b%2™ (1/2) /c” (1/2)) +1/16/cx
| exp (2%cHx~2+2%b¥x+2%a) +1/16%b/c*Pi” (1/2) *exp (1/2% (4%a*c-b~2) /c) / (-2%c) = (1/
2)*ert (- (-2%c) ™ (1/2) kx+b/ (-2%c) ~(1/2)) |

3.17.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 648 vs. 2(106) = 212.

Time = 0.26 (sec) , antiderivative size = 648, normalized size of antiderivative = 4.76

/msinh2 (a + bx + cm2) dx =

8 2z2 cosh (cz? + bz + a)® — 2 ccosh (cz® + bz + a)* — 8 ccosh (¢z? + bz + a) sinh (cz? + bz + a)” —

inputLintegrate(x*sinh(c*x“2+b*x+a)“2,x, algorithm="fricas") J

3.17. [ zsinh?®(a+ bz + cz?) dx



output
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-1/32%(8%c"2*x"2xcosh(c*x"2 + b*x + a)~2 - 2*c*cosh(c*x™2 + b*x + a)"4 - 8
*cxcosh(c*x™2 + b*x + a)*sinh(c*x™2 + b*x + a)~3 - 2*c*sinh(c*x™2 + b*x +
a)~4 - sqrt(2)*sqrt(pi)*(b*cosh(c*x"2 + b*x + a) “2*cosh(-1/2*(b~2 - 4*axc)
/c) + bxcosh(c*x"2 + b*x + a)“ 2*sinh(-1/2*%(b"2 - 4*ax*xc)/c) + (b*cosh(-1/2%
(b™2 - 4*xaxc)/c) + b*sinh(-1/2%(b"2 - 4*axc)/c))*sinh(c*x"2 + b*x + a)~2 +
2% (b*cosh(c*x™2 + b*x + a)*cosh(-1/2*(b~2 - 4*axc)/c) + b*cosh(c*x~2 + bx*
x + a)*sinh(-1/2%(b"2 - 4*axc)/c))*sinh(c*x”"2 + b*x + a))*sqrt(-c)*erf(1/2
*sqrt (2) *(2xcxx + b)*sqrt(-c)/c) + sqrt(2)*sqrt(pi)*(bxcosh(c*x"2 + b*x +

a) "2*cosh(-1/2*(b~2 - 4*a*c)/c) - b*cosh(c*x~2 + b*x + a) 2*sinh(-1/2%(b"2
- 4xaxc)/c) + (bxcosh(-1/2%(b~2 - 4*a*c)/c) - bxsinh(-1/2%(b~2 - 4*a*c)/c
))*sinh(c*x™2 + b*x + a)~2 + 2*(b*xcosh(c*x™2 + b*x + a)*cosh(-1/2*x(b"2 - 4
*axc)/c) — b*cosh(c*x"2 + b*x + a)*sinh(-1/2%(b~2 - 4x*a*c)/c))*sinh(c*x~2
+ b*x + a))*sqrt(c)*erf (1/2*xsqrt(2)*(2*c*x + b)/sqrt(c)) + 4*(2*c™2*x"2 -

3*c*cosh(c*x™2 + bxx + a)~2)*sinh(c*x™2 + b*x + a)”~2 + 8*%(2%c~2*x"2+*cosh(c
*X72 + b*x + a) - c*cosh(c*x™2 + b*x + a)~3)*sinh(c*x"2 + b*x + a) + 2xc)/
(c"2*cosh(c*x™2 + b*x + a)~2 + 2*c”2*cosh(c*x"2 + b*x + a)*sinh(c*x”"2 + bx*
X + a) + c"2*sinh(c*x”2 + b*x + a)~2)

3.17.6 Sympy [F]

/:vsinh2 (a+ bz +cz?) do = /xsinh2 (a+ bz +cz?) do

inputLintegrate(x*sinh(c*x**2+b*x+a)**2,x)

outputtlntegral(x*sinh(a + bkx + ckxkx2)**2, x)

3.17. [ zsinh?®(a+ bz + cz?) dx
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3.17.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.47

/z sinh® (a + bz + cz’) do

Vr(2cz er L —7(262_“7)2 - (2cw1—b)2 _b
e BT
47 324/c

Vatesrop (et (/3@ ) 1) . ) J(-2a+2)

NEE=Taes ()%

32+/—c

~—

inputLintegrate(x*sinh(c*x“2+b*x+a)‘2,x, algorithm="maxima")

output -1/4*x"2 - 1/32*sqrt(2)*(sqrt(pi)*(2xc*x + b)*b*(erf (sqrt(1/2)*sqrt (-(2*cx*
x + b)72/c)) - 1)/(sqrt(-(2*cxx + b)~2/c)*c”~(3/2)) - sqrt(2)*e”(1/2*(2*c*x
+ b)~2/c)/sqrt(c))*e~(2*%a - 1/2¥b~2/c)/sqrt(c) - 1/32*sqrt(2)*(sqrt(pi)*(
2%c*x + b)*b*(erf (sqrt(1/2)*sqrt((2*c*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~
2/c)*(-c)~(3/2)) + sqrt(2)*c*e”(-1/2*%(2*c*x + b)~2/c)/(-c)~(3/2))*e~(-2*a
+ 1/2*b~2/c)/sqrt(-c)

3.17.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.04

b2

\/iﬁberf(_%\/i\/z(gﬂg))e(%)
/msinh2 (a+bm+cm2) dm=—%m2+ ve

-9 6(_2 cx?—2br—2 a)

32c
(_ b2—4ac
ﬂﬁberf(—%x/iﬁ@x—i—%))e ¢

(2 cx2+2bx+2 a)
er: +2e

+ 32¢c

~—

p
inputLintegrate(x*sinh(c*x‘2+b*x+a)‘2,x, algorithm="giac")

3.17. [ zsinh?®(a+ bz + cz?) dx
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output‘-1/4*x”2 + 1/32%(sqrt (2) *sqrt (pi) *b*erf (-1/2*sqrt (2) *sqrt (c) *(2*xx + b/c))*
‘e“(1/2*(b“2 - 4xaxc)/c)/sqrt(c) - 2%e”(-2%c*x"2 - 2%b*x - 2xa))/c + 1/32x(
‘sqrt(2)*sqrt(pi)*b*erf(-1/2*sqrt(2)*sqrt(-c)*(2*x + b/c))*e”(-1/2%(b"2 - 4
‘*a*c)/c)/sqrt(—c) + 2%e~(2*c*x"2 + 2%bxx + 2#a))/c

3.17.9 Mupad [F(-1)]
Timed out.

/:csinh2 (a+bz+cz?) do = /xsinh(cx2+bx+a)2dz

input Lint(x*sinh(a + b*x + c*x"2)72,%)

-/

outputtint(x*sinh(a + b*x + c*x"2)72, x)

3.17. [ zsinh?®(a+ bz + cz?) dx
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3.18 [ sinh? (a + bz + cz?) dz

3.18.1 Optimal result . . . . . . .. . .. .. 136
3.18.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 136
3.18.3 Rubi [A] (verified) . . . . . . .. .. 137
3.18.4 Maple [A] (verified) . . . ... .. ... .. 138
3.18.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 138
3.18.6 Sympy [F] . . . . . 139
3.18.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 1391
3.18.8 Giac [A] (verification not implemented) . . . ... ... ... ... ..... 139
3.189 Mupad [F(-1)] . . . . o 140

3.18.1 Optimal result

Integrand size = 13, antiderivative size = 110

2 2
e 20t ﬁerf(%ﬁ) . e 3 /Terfi (f}%ﬁ%)
8v/c 8v/c

/Sinh2 (a +bx + cxz) dz = —g +

output‘-1/2*x+1/16*exp(—2*a+1/2*b”2/c)*erf(1/2*(2*c*x+b)*2”(1/2)/6”(1/2))*2”(1/2)
‘*Pi“(1/2)/c“(1/2)+1/16*exp(2*a—1/2*b”2/c)*erfi(1/2*(2*c*x+b)*2“(1/2)/c“(1/
2))%27 (1/2) %P1~ (1/2) /" (1/2) |

3.18.2 Mathematica [A] (verified)
Time = 0.10 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.27
/ sinh® (a + bz + c2?) d

—4+/24/cx + ﬁerf('ig\%) (cosh <2a - %) — sinh <2a - g—i)) + ﬁerﬁ(’i}?\%) <cosh <2a - ;’—i) + sinl
B 8v2/e

e

input LIntegrate [Sinh[a + b*x + c*x72]72,x]

-/

output ‘ (-4xSqrt[2]*Sqrt [c]*x + Sqrt[Pil*Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[
‘2*a - b72/(2%c)] - Sinh[2*a - b~2/(2%c)]) + Sqrt[Pil*Erfil[(b + 2*c*x)/(Sqr
‘t[2]*Sqrt[C])]*(Cosh[2*a - b~2/(2%c)] + Sinh[2*a - b~2/(2*c)]))/(8%Sqrt[2]
‘ *Sqrt [c])

ERI———.——.,

3.18.  [sinh®(a+ bz + cz?) dz



input

output

rule 2009

rule 5899
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3.18.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 154 Ryles used
integrand size

= {5899, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sinh2 (a+bz+ c:c2) dz
l 5899

1 1
/ (2 cosh (2a + 2bz + 2cw2) — 2> dz

l 2009

T ﬁ—2a b+2cx T 20— b2 b+2cx
\/%620 erf(}T/E) + \/%6 2cerﬁ(\;—§\/5)
8¢ 8¢

N8

-

LInt [Sinh[a + b*x + c*x72]72,x]

-/

‘ -1/2*x + (E~(-2*a + b~2/(2%c))*Sqrt [Pi/2]*Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[c]
‘ )1)/(8*Sqrtlc]) + (E~(2%a - b72/(2%c))*Sqrt [Pi/2]*+Erfi[(b + 2*c*x)/(Sqrt[2
1*Sqrt [c])])/(8*Sqrt[c])

N J

-

3.18.3.1 Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul] J

e B

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTr
‘igReduce[Sinh[a + b*x + c*x"2]°n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n,
1]

|\

3.18.  [sinh®(a+ bz + cz?) dz
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3.18.4 Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.85

method | result size
.2
isch - Ve~ \/ierf(\f\/Ex—i-bf) ﬁe% erf(—\/—Zcx—i-\/%zc) 94
risc -5+ 16v/c - 8v/—2¢
input tint (sinh(c*x~2+b*x+a) ~2,x,method=_RETURNVERBOSE) J

output \ -1/2%x+1/16%Pi~ (1/2)*exp (-1/2* (4xa*c-b"2) /c)*2~(1/2) /c~ (1/2) *erf (2~ (1/2) *c \
S (1/2)%x+1/2%b%2" (1/2) /™ (1/2))~1/8%Pi~ (1/2) *exp(1/2% (4*a*c-b2) /c) / (-2+c)
L‘(1/2)*erf(—(—2*c)‘(1/2)*x+b/(—2*c)*(1/2)) J

3.18.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.16

/sinh2 (a+bz+cz?) do =

_\/5\/7_1'\/—_c<cosh( b _4“C> +smh< w;—‘é“)) erf <m+b)‘@> \/_\/_\/_(cosh( i _4“0) — si
16¢

input‘integrate(sinh(c*x“2+b*x+a)‘2,x, algorithm="fricas") ‘

output‘-1/16*(sqrt(2)*sqrt(pi)*sqrt(-c)*(cosh(-1/2*(b“2 - 4xaxc)/c) + sinh(-1/2x%(
‘b‘2 - 4#*axc)/c))xerf (1/2*sqrt(2) *(2*c*x + b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi
)*sqrt(c)*(cosh(-1/2% (b2 - 4xa*c)/c) - sinh(-1/2%(b"2 - 4¥a*c)/c))*erf (1/
‘2*sqrt(2)*(2*c*x + b)/sqrt(c)) + 8*c*x)/c ‘

3.18.  [sinh®(a+ bz + cz?) dz
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3.18.6 Sympy [F]

/Sinh2 (a + bz + cx2) dr = /Sinh2 (a + bx + czz) dx

input Lintegrate (sinh(c*x**2+b*x+a) **2,x)

~—

-

output | Integral(sinh(a + b*x + c*x**2)**2, x)

-

i

3.18.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.87

V2+/7 erf (\/5\/—_030 — %) e(2a_g%)

/sinh2 (a + bx + cw2) dxr =

16/ —c
2
N V2\/T erf <\/§\/Esc + ﬁ%) e(_2a+%) 1
16 /c 2"

-

input‘integrate(sinh(c*x“2+b*x+a)‘2,x, algorithm="maxima")

~—

output(1/16*sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(—c)*x - 1/2%sqrt(2)*b/sqrt (-c))*e~(
‘2*a - 1/2x¥b~2/c)/sqrt(-c) + 1/16*sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(c)*x +
L1/2*sqrt(2)*b/sqrt(c))*e‘(—2*a + 1/2%b"2/c)/sqrt(c) - 1/2*x

~

3.18.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.85

/sinh2 (a+ bz + cz?) dx=—\/§\/7_rerf (_%\/il\ga\ﬁgm+g))e< )
Vaymert (- vay=c(2z+2)) e 5) g
B 16 v/—c 97

3.18.  [sinh®(a+ bz + cz?) dz
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inputLintegrate(sinh(c*x“2+b*x+a)”2,x, algorithm="giac")

output‘-1/16*sqrt(2)*sqrt(pi)*erf(-1/2*sqrt(2)*sqrt(c)*(2*x + b/c))*e”(1/2%(b"2 -
‘ 4xa*xc)/c)/sqrt(c) - 1/16*sqrt(2)*sqrt(pi)*erf (-1/2*sqrt(2)*sqrt(-c)*(2*x
‘+ b/c))*e”(-1/2%(b"2 - 4*axc)/c)/sqrt(-c) - 1/2#*x

3.18.9 Mupad [F(-1)]
Timed out.

/sinh2 (a+ bz + cz?) dx=/sinh(cx2+ba:+a)2dz

inputtint(sinh(a + bxx + c*x”2)72,x)

outputtint(sinh(a + b*x + c*x~2)"2, x)

3.18.  [sinh®(a+ bz + cz?) dz
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sinh? (a—;bx—l—ch) du

319 |

3.19.1 Optimalresult . . . . . . . . . . . . . e
3.19.2 Mathematica [N/A] . . . . . . . .
3.10.3 Rubi [N/A] . . o oot
3.19.4 Maple [N/A] (verified) . . . . . . ... ... L
3.19.5 Fricas [N/A] . . . . .
3.19.6 Sympy [N/A] . . . .
3.19.7 Maxima [N/A] . . . . . .
3.19.8 Giac [N/A] . . . . o o
3.19.9 Mupad [N/A] . . oo

3.19.1 Optimal result

Integrand size = 17, antiderivative size = 17

log(z) 1

/ sinh? (a + bz + c2?) dr — —

Int
:c g Tom

(cosh (2a + 2bx + 2cx?)
T

142
149]
149]
145)

outputL-1/2*1n(x)+1/2*Unintegrab1e(cosh(2*c*x“2+2*b*x+2*a)/x,x)

3.19.2 Mathematica [N/A]

Not integrable

Time = 12.59 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

/ sinh? (a + bz + cz?) dp — /

T

sinh? (a + bz + cz?)

T

dz

p
input

Integrate[Sinh[a + b*x + c*x72]72/x,x]

N\

outputLIntegrate[Sinh[a + bxx + cxx72]72/x, x]

3.19. f sinh? (a—i—bx—i—cacz) dx

T
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3.19.3 Rubi [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {5917,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

- 2
/smh (a-l—bm—i—cm ) iz
x
l 5917
/ (cosh (2a + 2bz + 2cz?) 1 )
— — | dz
2z 2z
l’2009

1 / cosh (2cz? + 2bz + 2a) g — log(z)

2 T a:

input LInt [Sinh[a + b¥x + c*x~2]°2/x,x]

~—

output ‘ $Aborted

3.19.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5917‘Int[((d_.) + (e_)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)
» X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x~2]"n, x

\], x] /; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[n, 1]

3.19. f sinh? (a—i—bx—i—cacz) dx

T
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3.19.4 Maple [N/A] (verified)

Not integrable

Time = 0.25 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

inh 2 2
/sm (cx ;—bx+a) i

input Lint (sinh(c*x~2+b*x+a) ~2/x,x)

outputLint(sinh(c*x“2+b*x+a)“2/x,x)

3.19.5 Fricas [N/A]
Not integrable

Time = 0.25 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

. 2 2 . 2 2
/ sinh” (a —|—sz + cx?) dr — / sinh (cx :bx +a) i

input Lintegrate (sinh(c*x~2+b*x+a) “2/x,x, algorithm="fricas")

output Lintegral(sinh(c*x‘Q + bkx + a)72/x, x)

3.19.6 Sympy [N/A]

Not integrable

Time = 0.76 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

dzx

/ sinh? (a + bz + cz?) dp — / sinh? (a + bz + cz?)
T T

p
input tintegrate (sinh(c*x**2+b*x+a) **2/x,x)

e—

output LIntegral(sinh(a + bHx + CHXF¥2)**2/X, Xx)

3.19. f sinh? (a+bx+cac2) dz

T
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3.19.7 Maxima [N/A]

Not integrable

Time = 0.35 (sec) , antiderivative size = 51, normalized size of antiderivative = 3.00

/ sinh? (a +xbx + cz?) i — / sinh (cx? ;i— bz + a)’ e

input‘integrate(sinh(c*x“2+b*x+a)“2/x,x, algorithm="maxima")

output‘1/4*integrate(e“(2*c*x‘2 + 2*%bxx + 2#a)/x, x) + 1/4*integrate(e”(-2xc*x~2
- 2#bkx - 2%a)/x, x) - 1/2*log(x)

3.19.8 Giac [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

dz

/ sinh? (a + bz + cz?) gy — / sinh (cz? + bz + a)’
T T

inputLintegrate(sinh(c*x“2+b*x+a)“2/x,x, algorithm="giac")

outputLintegrate(sinh(c*x“2 + b*x + a)~2/x, x)

3.19.9 Mupad [N/A]

Not integrable

Time = 1.11 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

s 102 2 . 2 2
/smh (a+xbx+cx )dzz/smh(cx —;—bx+a) i

input Lint(sinh(a + bxx + c*x”2)72/x%,x)

outputtint(sinh(a + b*x + c*x”72)72/x, Xx)

3.19. f sinh? (a+bx+cac2) dz

T
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3.20 [ 2?sinh® (a + bz — c2?) dz

3.20.1 Optimal result . . . . .. .. . ... . 145]
3.20.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 146
3.20.3 Rubi [A] (verified) . . . . . ... ..
3.20.4 Maple [A] (verified) . . . . . . . .. ... 147
3.20.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 148
3.20.6 Sympy [F] . . . . . . 149
3.20.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... T49]
3.20.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 150
3.20.9 Mupad [F(-1)] .« o v oo oo 150

3.20.1 Optimal result

Integrand size = 18, antiderivative size = 268

2 2
s pRe2otl \/ferf(b—ch) o205 \/ferf(b—zcz>
/x2 sinh? (a + bx — cz2) dp = % _ 2 vave) 2 V2ye

6 32c5/2 32c3/2
- a—ﬁ T b—2cx - a—ﬁ T b—2cx
b2e 20" % \/Eerﬁ<f2—ﬁ> e"20 % \/Eerﬁ<\/§\/5>
B 32¢5/2 + 32¢3/2
bsinh (2a + 2bz — 2cz?)  xsinh (2a + 2bz — 2cz?)
16¢2 8¢

output | -1/6*x~3-1/16*b*sinh (-2*c*x~2+2*b*x+2*a) /c”2-1/8*x*sinh (-2*c*x~2+2xb*x+2%a
)/c-1/64*b~2%exp(2*a+1/2%b"2/c) *erf (1/2* (-2*c*x+b) *27(1/2) /c~(1/2))*2~(1/2
)*Pi~(1/2)/c”(5/2)-1/64*exp(2xa+1/2*¥b~2/c) *erf (1/2* (-2xc*x+b)*2~(1/2) /c~ (1
/2))*27(1/2)*Pi~(1/2)/c~(3/2)-1/64*b"2%exp (-2%a-1/2*b~2/c) *erfi (1/2% (-2*cx*
x+b)*27(1/2) /c~(1/2))*27(1/2)*Pi~(1/2) /c~(5/2) +1/64*exp(-2*a-1/2%¥b~2/c) *er
£i(1/2%(-2%cxx+b)*27(1/2) /c~(1/2))*2~(1/2)*Pi~(1/2) /c~(3/2)

N\ J

3.20.  [x%sinh®(a+ bz — cz?) dz
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3.20.2 Mathematica [A] (verified)

Time = 0.52 (sec) , antiderivative size = 181, normalized size of antiderivative = 0.68

/ 22 sinh? (a + bz — ch) dx

3(b% — ¢) \/ﬂerﬁ<_\l};—2\/§w> (cosh <2a + g—i) — sinh <2a + %)) + 3% +¢) \/%erf<%\2/%z> (cosh <2a +
- 1926572

input Integrate[x~2#Sinh[a + b*x - c*x72]72,x]

N

output (3*(b~2 - c)*Sqrt[2+«Pi]*Erfi[(-b + 2*cx*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a + b
~2/(2%c)] - Sinh[2*a + b~2/(2*c)]) + 3*%(b~2 + c)*Sqrt[2*Pi]*Erf [(-b + 2%cx*
x)/(Sqrt [2]*Sqrt [c])]*(Cosh[2*a + b~2/(2*c)] + Sinh[2*a + b~2/(2*c)]) - 4%
Sqrt[c]*(8*c™2+%x"3 + 3*(b + 2*c*x)*Sinh[2x(a + x*x(b - c*x))]))/(192%c~(5/2

))

3.20.3 Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 268, normalized size of antiderivative = 1.00,
_ _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size — 0.111, Rules used

= {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ x? sinh? (a + bx — sz) dz

l 5917
1 x2
/ <2m2 cosh (2a + 2bz — 2cw2) — 2> dz
l 2009
2 2 2
- \/§62“+37erf(—li/_§2\%) - \/§b2€2a+%¢erf<li/_§2\%> + \/ge_za_g*cerﬁ(—i’/_;‘;%) -
23263/2 32c5/2 32¢3/2
s —_ G—L — ZLCT
\Eb% 20 s erfi( 22 - bsinh (2a + 2bx — 2cz? z sinh (2a + 2bz — 2cx? x3
Vave) _ T
32¢5/2 16¢2 8c 6
inputLInt[x‘2*Sinh[a + b*x - c*x~2]1°2,x] J

3.20.  [x%sinh®(a+ bz — cz?) dz
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output | -1/6*xx~3 - (b"2*E~(2*a + b~2/(2*c))*Sqrt [Pi/2]*Erf [(b - 2*c*x)/(Sqrt[2]*Sq
rt[c])])/(32xc~(5/2)) - (E~(2%a + b~2/(2xc))*Sqrt[Pi/2]*Erf[(b - 2*c*x)/(S
qrt [21*Sqrt[c])])/(32xc~(3/2)) - (b"2xE~(-2*a - b~2/(2*c))*Sqrt[Pi/2]*Erfi
[(b - 2*xc*x)/(Sqrt[2]*Sqrt[c])])/(32%c~(6/2)) + (E~(-2*a - b~2/(2*c))*Sqrt
[Pi/2]1#Erfi[(b - 2*c*x)/(Sqrt[2]1*Sqrtlc]l)])/(32%c~(3/2)) - (b*Sinh[2*a + 2
*bxx - 2xcxx"2])/(16%c”2) - (x*Sinh[2*a + 2¥b*x - 2*c*x~2])/(8*c)

3.20.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk35917‘Int[((d_.) + (e_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)
, X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x~2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, n}, x] & IGtQ[n, 1] |

3.20.4 Maple [A] (verified)

Time = 0.72 (sec) , antiderivative size = 273, normalized size of antiderivative = 1.02

method | result

— M _ 4ac+b2
I'iSCh _Z_3 —l— we2cz2—2bz—2a be2¢ 22 —2bz—2a + bZﬁe 2c erf(\/ —26(1!-}-\/%20) . \/7?e 2c erf(\/—i2cm+\/%2c>
° 1o 82¢? 32c2v/—2¢ 32cv/—2¢

input | int (x~2*sinh (-c*x~2+b*x+a) ~2,x ,method=_RETURNVERBOSE) ‘

output | —1/6*x~3+1/16/c*x*exp (2*c*x~2-2%b*x-2%a) +1/32%b/c”2*exp (2*c*x~2-2*b*x—-2%a)
+1/32%b~2/c~2*%Pi~ (1/2) *exp (-1/2* (4xaxc+b~2) /c) / (-2*c) ~(1/2) xerf ((-2*c) ~(1/
2) *x+b/ (-2%c) ~(1/2))-1/32/c*Pi~ (1/2) *exp (-1/2* (4xaxc+b~2) /c) / (-2*c) ~(1/2) *
erf ((-2*c)~(1/2)*x+b/ (-2*c) ~(1/2) ) -1/16/c*x*exp (-2*c*xx~2+2*b*x+2%*a) -1/32*b
/c”2%exp (-2*c*x~2+2xb*x+2%a)-1/64%b~2/c~(5/2) *Pi~ (1/2) *exp (1/2* (4*a*c+b~2)
/c)*x27(1/2) *erf (-2~ (1/2)*c™ (1/2) *x+1/2*%b*2~(1/2) /c~(1/2))-1/64/c~ (3/2) *Pi~
(1/2) *exp (1/2* (4xaxc+b™2) /c) *2~ (1/2) ¥erf (-27(1/2) *c~ (1/2) *x+1/2xbx2~(1/2) /
c~(1/2))

3.20.  [x%sinh®(a+ bz — cz?) dz
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3.20.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 843 vs. 2(218) = 436.

Time = 0.25 (sec) , antiderivative size = 843, normalized size of antiderivative = 3.15

/w2 sinh? (a + bz — cx2) dr =

32 323 cosh (cx? — bz — a)” — 6 (2 2z + be) cosh (ca? — bz — a)* — 24 (2 2z + be) cosh (cz? — bz — a)

input‘integrate(x*2*sinh(—c*x“2+b*x+a)“2,x, algorithm="fricas")

output

N

-1/192%(32*c~3*x"3*cosh(c*x™2 - b*x — a)~2 - 6%(2*c”2*x + b*c)*cosh(c*x™2

- bxx - a)~4 - 24*%(2*%c”2*x + b*c)*cosh(c*x™2 - b*x - a)*sinh(c*x™2 - b*x -
a)~3 - 6x(2xc”2#x + b*c)*sinh(c*x"2 - b*x - a)”4 + 3x*sqrt(2)*sqrt(pi)*((b
"2 - c)*cosh(c*x"2 - b*x - a) 2xcosh(1/2*x(b"2 + 4*a*c)/c) - (b~2 - c)*cosh
(c*x™2 - b*x - a) " 2*%sinh(1/2*%(b"2 + 4*axc)/c) + ((b"2 - c)*cosh(1/2*x(b"2 +
4xaxc)/c) - (b”"2 - c)*sinh(1/2*(b"2 + 4*a*c)/c))*sinh(c*x"2 - b*x - a)~2
+ 2% ((b"™2 - c)*cosh(c*x”2 — b*x - a)*cosh(1/2*%(b~2 + 4*axc)/c) - (b"2 - ¢)
*cosh(c*x™2 - b*x - a)*sinh(1/2*%(b~2 + 4x*axc)/c))*sinh(c*x™2 — b*x - a))*s
qrt (-c) *xerf (1/2*sqrt (2) *(2xc*x - b)*sqrt(-c)/c) - 3*sqrt(2)*sqrt(pi)*((b~2
+ c)*cosh(c*x™2 - b*x - a)~2*kcosh(1/2*(b~2 + 4*axc)/c) + (b™2 + c)*cosh(c
*x"2 — bxx - a) 2*sinh(1/2*x(b~2 + 4*axc)/c) + ((b™2 + c)*cosh(1/2%(b"2 + 4
*axc)/c) + (b72 + c)*sinh(1/2*(b~2 + 4#*a*c)/c))*sinh(c*x”2 - b*x - a)~2 +

2% ((b"2 + c)*cosh(c*x"2 - b*x - a)*cosh(1/2*x(b~2 + 4*a*xc)/c) + (b"2 + c)*c
osh(c*x™2 - b*x - a)*sinh(1/2%(b”2 + 4*a*c)/c))*sinh(c*x"2 - b*x - a))*sqr
t(c)*erf (1/2*sqrt (2)*(2*c*x — b)/sqrt(c)) + 12%c™2xx + 4*(8*c~3*x"3 - 9x(2
*C"2*xX + b*c)*cosh(c*x"2 - b*x - a)~2)*sinh(c*x"2 - b*x - a)~2 + 6xb*c + 8
*(8*c"3*x"3*cosh(c*x™2 - b*x - a) — 3*(2*xc”2*x + b*c)*cosh(c*x™2 - b*x - a
)"3)*sinh(c*x"2 - b*x - a))/(c"3*cosh(c*x”2 - b*x - a)~2 + 2xc~3*cosh(c*x”
2 - b*x - a)*sinh(c*x™2 - b*x - a) + c"3*sinh(c*x"2 - b*x - a)~2)

3.20.  [x%sinh®(a+ bz — cz?) dz
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3.20.6 Sympy [F]

/xz sinh? (a + bz — ca:2) dr = /x2 sinh? (a + bz — cx2) dx

inputLintegrate(x**2*sinh(—c*x**2+b*x+a)**2,x)

~—

-

i

output | Integral (x**2*sinh(a + b*x - c*xx**2)**2, x)

- J

3.20.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 322, normalized size of antiderivative = 1.20

/x2 sinh’® (a + bz — c2?) dz = —% z3
o e (VIR ) ((OF) ceeiin(35)) o,
\/(2czc—b)2 (_C)% (—c)% ((2 cz—b)2>%(_c)%
B 64 /—c
\/é V(2 cz—b)b? (erf<\/g,/_M>_1) N Qﬁbe<w> B 2(201—1;)3[‘(%,_%) e<_2a_3720)
x/—(2°ﬁTw20% 3 (_}zcz_m2>%cg
+ 64 /c

e

inputtintegrate(x‘2*sinh(-c*x‘2+b*x+a)“2,x, algorithm="maxima")

~—

output | -1/6%x"3 - 1/64*sqrt(2)*(sqrt(pi)*(2*cxx - b)*b~2x(erf (sqrt(1/2)*sqrt ((2*c
*x - b)~2/c)) - 1)/(sqrt((2*c*x - b)~"2/c)*(-c)~(5/2)) - 2*sqrt(2)*bxc*e” (-
1/2%(2%c*xx - b)~2/c)/(-c)~(5/2) - 2%(2*c*x - b) "3*gamma(3/2, 1/2%(2xc*x -
b)~2/c)/(((2*c*x - b)~2/c)~(3/2)*(-c)~(5/2)))*e”(2*%a + 1/2¥b~2/c)/sqrt(-c)
+ 1/64xsqrt (2) *(sqrt (pi)*(2*c*x - b)*b~2*(erf (sqrt(1/2)*sqrt (- (2*c*x - b)
~2/c)) - 1)/(sqrt(-(2xc*x - b)~2/c)*c”(5/2)) + 2*sqrt(2)*b*e”(1/2%(2xc*x -
b)~2/c)/c”(3/2) - 2%(2%c*x - b) " 3xgamma(3/2, -1/2*(2*cxx - b)~2/c)/((-(2%
cxx — b)~2/c)”(3/2)*c~(5/2)))*e”~(-2*%a - 1/2%b~2/c)/sqrt(c)

3.20.  [x%sinh®(a+ bz — cz?) dz
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3.20.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 186, normalized size of antiderivative = 0.69

/x2 sinh? (a + bz — cx2) dx

b2+dac
3 V24/7 (b2 +c) erf(—;\/\i}c/é@m—i’))e( Ze 19 (6(21' _ g) + Qb)e(—20z2+2bm+2a)
e T ] 64 c2
_b°44ac
V2 (b2—c) erf(—% ﬂg(2w—ﬁ))e< ’ ) _9 (c(2x _ IE;) + zb)e(2cm2—2bx—2a)
- 64 c2

inputLintegrate(x‘2*sinh(—c*x‘2+b*x+a)“2,x, algorithm="giac")

—

output -1/6%x"3 - 1/64*(sqrt(2)*sqrt(pi)*(b~2 + c)*erf(-1/2*sqrt(2)*sqrt(c)*(2*x
- b/c))*e”(1/2%(b~2 + 4*a*c)/c)/sqrt(c) + 2x(cx(2*x - b/c) + 2%b)*e”(-2*c*
X"2 + 2%bxx + 2*a))/c”2 - 1/64x(sqrt(2)*sqrt(pi)* ("2 - c)*erf(-1/2*sqrt(2
)*sqrt(-c)*(2*x - b/c))*e~(-1/2*%(b"2 + 4*a*c)/c)/sqrt(-c) - 2*(c*(2*x - b/
c) + 2*¥b)*e”(2xc*x"2 - 2xb*x - 2%a))/c"2

3.20.9 Mupad [F(-1)]

Timed out.

/aczsinh2 (a+ bz —cz?) do = /xzsinh(—cz2+bx+a)2da:

input Lint(x‘z*sinh(a + b*x - c*x"2)"2,%) J

outputtint(x‘Z*sinh(a + b*x - c*x"2)72, x)

-/

3.20.  [x%sinh®(a+ bz — cz?) dz
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3.21 [ zsinh? (a + bz — cx?) dz

3.21.1 Optimal result . . . . .. .. . ... 1511
3.21.2 Mathematica [A] (verified) . . . . . . . . ... ... L o 1511
3.21.3 Rubi [A] (verified) . . . . . ... .. 152
3.21.4 Maple [A] (verified) . . . ... . .. . ... 153
3.21.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 153
3.21.6 Sympy [F] . . . . . 154
3.21.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 1551
3.21.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 155
3.21.9 Mupad [F(-1)] . . . . o o 156

3.21.1 Optimal result

Integrand size = 16, antiderivative size = 136

72 be2at 3 \/_ erf ( b= 20"")

/9csinh2 (a+bz—cz?) do =—= —

4 16¢3/2
—2a— b—2cx
’ \/_erﬁ< ; ) __ sinh (2a + 2bz — 2cz?)
16¢3/2 8c

Output(—1/4*x‘2—1/8*sinh(-2*c*x‘2+2*b*x+2*a)/c—1/32*b*exp(2*a+1/2*b‘2/c)*erf(1/2*
\(—2*c*x+b)*2‘(1/2)/c“(1/2))*2‘(1/2)*Pi‘(1/2)/c‘(3/2)—1/32*b*exp(—2*a—1/2*b
L‘Q/c)*erfi(1/2*(‘2*c*x+b)*2‘(1/2)/c‘(1/2))*2‘(1/2)*Pi‘(1/2)/c‘(3/2)

~

3.21.2 Mathematica [A] (verified)

Time = 0.29 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.17

/x sinh® (a + bz — cz?) dz

b\/%erﬁ( b+2“> (cosh <2a + g—i) — sinh (2a + g—i)) + b\/ﬁerf( b+2“) 3ScQosh <2a + g—i) + sinh <2a 1
32c

input Integrate[x*Sinh[a + b*x - c*x~2]72,x]

3.21. [ wsinh®(a+ bz — cz?) dx
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output ‘ (bxSqrt [2*Pi]*Erfi[(-b + 2%c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a + b~2/(2*c)]

‘- Sinh[2*a + b~2/(2*c)]) + bxSqrt[2+#Pi]*Erf[(-b + 2x*c*x)/(Sqrt[2]*Sqrt[c])
\]*(Cosh[2*a + b~2/(2%c)] + Sinh[2%a + b~2/(2%c)]) - 4*Sqrtlc]*(2*c*x"2 + S
‘inh[2%(a + x*(b - c*x))1))/(32%c™(3/2))

3.21.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, number of rules _ 0.125, Rules used
integrand size

= {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/:v sinh? (a+ bz — ca:2) dz

| 5917
/ <;x cosh (2a + 2bz — 2cz?) — g) dx
l 2009
~ VFoeret bert(t 222 ~ Vb2 St (22 _ sinh (2 + 2bz —22?)  a?
16¢3/2 16¢3/2 8¢ 4

-

input LInt [x*Sinh[a + b*x - c*x72]72,x]

output ‘ -1/4%x~2 - (b*E~(2%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2xc*x)/(Sqrt[2]*Sqrt

\ [c1)1)/(16%c~(3/2)) - (b*E~(-2*a - b~2/(2%*c))*Sqrt [Pi/2]1*Erfil[(b - 2*c*x)/
‘ (Sqrt[2]1*Sqrt[cl)])/(16%c~(3/2)) - Sinh[2%a + 2xb*x - 2xc*x~2]/(8*c)

3.21. [ wsinh®(a+ bz — cz?) dx

| —
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3.21.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5917‘Int[((d_.) + (e_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_) ‘
, X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x~2]"n, x
1, x]1 /; FreeQl{a, b, c, d, e, n}, x] & IGtQ[n, 1] |

3.21.4 Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.01

method | result
_ 4ac+b? 4ac+b
risch _%2 + e2¢ w21_62bw_2a + bﬁe 2¢c  erf (\/—20;1:4-\/%26) _ e—2cw2+2bz+2a _ b 2 erfg CCIH— b\[)
c 16¢cv/—2c 16¢ 39¢2
inputLint(x*sinh(—c*x‘2+b*x+a)“2,x,method=_RETURNVERBOSE) J

output ‘ -1/4*x"2+1/16/c*exp (2*c*x~2-2*%b*x-2%a) +1/16%b/c*xPi~ (1/2) *exp (-1/2* (4*a*c+b ‘
1"2)/c)/ (-2%c)~ (1/2) *erf ((-2%c) ™ (1/2) ¥x+b/ (-2%c) ~(1/2) ) -1/16/ cxexp (-2 c*x 2
\+2*b*x+2*a)—1/32*b/c‘(3/2)*Pi“(1/2)*exp(1/2*(4*a*c+b‘2)/c)*2‘(1/2)*erf(—2“
(1/2)%c™ (1/2) %x+1/2¥b%27(1/2) /e~ (1/2)) |

3.21.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 730 vs. 2(110) = 220.

Time = 0.25 (sec) , antiderivative size = 730, normalized size of antiderivative = 5.37

/msinh2 (a + bx — cmz) dr =

8 2z? cosh (cz? — bz — a)” — 2 ccosh (ca? — bz — a)* — 8 ccosh (cz? — bz — a) sinh (cz? — bz — )’ —°

¢

inputLintegrate(x*sinh(-c*x”2+b*x+a)“2,x, algorithm="fricas") J

3.21. [ wsinh®(a+ bz — cz?) dx



output
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-1/32%(8%c~2*x"2xcosh(c*x"2 - b*x - a)~2 - 2*c*cosh(c*x™2 - b*x - a)"4 - 8
*cxcosh(c*x™2 - b*x - a)*sinh(c*x™2 - b*x - a)~3 - 2*c*ksinh(c*x™2 - b*x -
a)~4 + sqrt(2)*sqrt(pi)*(b*cosh(c*x"2 - b*x - a) 2*cosh(1/2x(b~2 + 4x*axc)/
c) - bxcosh(c*x"2 - b*x - a) 2*sinh(1/2*(b"2 + 4x*a*c)/c) + (bxcosh(1/2*x(b~
2 + 4x%axc)/c) - bxsinh(1/2*%(b"2 + 4*axc)/c))*sinh(c*x™2 - b*x - a)~2 + 2%(
b*cosh(c*x™2 - b*x - a)*cosh(1/2*x(b"2 + 4*axc)/c) - b*cosh(c*x™2 - b*x - a
)*sinh (1/2*(b~2 + 4*axc)/c))*sinh(c*x"2 - b*x - a))*sqrt(-c)*erf(1/2*sqrt(
2)*(2*c*x - b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)*(b*cosh(c*x™2 - b*x - a) " 2%*c
osh(1/2*(b~2 + 4xaxc)/c) + b*cosh(c*x™2 - b*x - a) 2*sinh(1/2*(b"2 + 4*a*c
)/c) + (b*cosh(1/2x(b~2 + 4*axc)/c) + b*sinh(1/2*(b~2 + 4xa*c)/c))*sinh(c*
X"2 - bxx - a)”2 + 2x(b*cosh(c*x~2 - b*x - a)*cosh(1/2%x(b~2 + 4xaxc)/c) +
b*cosh(c*x™2 - b*x - a)*sinh(1/2*x(b"2 + 4*a*c)/c))*sinh(c*x"2 - b*x - a))*
sqrt (c) xerf (1/2xsqrt (2) *(2*xc*x - b)/sqrt(c)) + 4x(2xc”™2*xx"2 - 3*c*xcosh(c*x
"2 - b*x - a)~2)*sinh(c*x"2 - b*x - a)”2 + 8%(2xc”"2*x"2*cosh(c*x"2 - b*x -
a) - cxcosh(c*x”2 — b*x - a)~3)*sinh(c*x"2 - b*x - a) + 2*c)/(c"2*cosh(c*
X"2 - b*x - a)”2 + 2*%c"2*cosh(c*x”™2 - b*x - a)*sinh(c*x"2 - b*x - a) + c™2
*sinh(c*x”2 - b*x - a)~2)

3.21.6 Sympy [F]

/avsinh2 (a+bz—cz?) do = /xsinh2 (a+bz—cz?) dzx

inputLintegrate(x*sinh(-c*x**2+b*x+a)**2,x)

outputtlntegral(x*sinh(a + bkx - ckxkx2)**2, x)

3.21. [ wsinh®(a+ bz — cz?) dx
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3.21.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.59

/acs:inh2 (a + bx — cz2) dz

JR(2 cz—b)b(erf(\/g\/@)—l) \/ice<_(£#> (20+2)
- e

1 V2 V@b (3 (—o)2 -
_ 1.,
=TT 32/—c
cr—b)2 cr— 2
(e (ol YD 205N (o
\/_(20:1:—17)20% \/E
+ 32./c

inputLintegrate(x*sinh(—c*x“2+b*x+a)‘2,x, algorithm="maxima")

~—

output | -1/4*x~2 + 1/32xsqrt(2)*(sqrt(pi)*(2*c*x - b)*bx(erf (sqrt(1/2)*sqrt ((2*c*x
- b)"2/c)) - 1)/(sqrt((2*c*x - b)~2/c)*(-c)~(3/2)) - sqrt(2)*cxe”~(-1/2%(2
*ckx - b)72/c)/(-c)”(3/2))*e~(2*a + 1/2¥b~2/c)/sqrt(-c) + 1/32xsqrt(2)*(sq

rt(pi)*(2xc*x - b)*b*(erf (sqrt(1/2)*sqrt(-(2*c*x - b)~2/c)) - 1)/(sqrt(-(2
xc*x — b)72/c)*c”(3/2)) + sqrt(2)*e”(1/2*(2*c*x - b)~2/c)/sqrt(c))*e”(-2*a
- 1/2*b~2/c)/sqrt(c)

3.21.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.06

ﬁﬁberf(—% \/ﬁ\/E(Qx_é>>e(i42_ii)

1 c +2€(—2cx2+2bm+2a)
. 1.2 2 T2 Ve
/msmh (a—!—bm cx ) dz 4x 390

_ b2+4 ac
2c

Vavbert(—4 vays(2e—t))el

_ (2 cx?—2bx—2 a)
Ve 2e

p
input Lintegrate (x*sinh(-c*x~2+b*x+a) "2,x, algorithm="giac")

~—

3.21. [ wsinh®(a+ bz — cz?) dx
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output‘-1/4*x”2 - 1/32%(sqrt (2) *sqrt (pi) *b*erf (-1/2*sqrt (2) *sqrt (c)*(2*x - b/c))*
‘e“(1/2*(b“2 + 4xaxc)/c)/sqrt(c) + 2%e”(-2%c*x"2 + 2%b*x + 2x%a))/c - 1/32x(
‘sqrt(2)*sqrt(pi)*b*erf(-1/2*sqrt(2)*sqrt(-c)*(2*x - b/c))*e”(-1/2%(b"2 + 4
‘*a*c)/c)/sqrt(—c) - 2%e” (2xc*x"2 - 2xb*x - 2*a))/c

3.21.9 Mupad [F(-1)]

Timed out.

/xsinh2 (a+bx—ca:2) dr = /a:sinh(—ca:2+bx+a)2da:

inputlint(x*sinh(a + bxx - c*x"2)72,x%)

outputtint(x*sinh(a + b*x - c*x72)72, x)

3.21. [ wsinh®(a+ bz — cz?) dx
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3.22 [ sinh? (a + bz — cx?) dx

3.22.1 Optimal result . . . . . . .. . ... 157
3.22.2 Mathematica [A] (verified) . . . . . . . ... ... L 157
3.22.3 Rubi [A] (verified) . . . . . . . .. ... 158
3.22.4 Maple [A] (verified) . . .. ... . ... .. 159
3.22.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 159
3.22.6 Sympy [F] . . . . . 160
3.22.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 1601
3.22.8 Giac [A] (verification not implemented) . . . ... ... ... ... ..... 160
3.22.9 Mupad [F(-1)] . . . . o o 161

3.22.1 Optimal result

Integrand size = 14, antiderivative size = 110

2“"'% ™ b—2cz _2a_7 b—2cz
/Sinh2 (a+ bz — ca?) do = T € \/;erf<\/§\/g> _ \/_erﬁ< )
2 8y/c W

output‘-1/2*x—1/16*exp(2*a+1/2*b“2/c)*erf(1/2*(—2*c*x+b)*2”(1/2)/6”(1/2))*2”(1/2)
‘*Pi“(1/2)/c“(1/2)-1/16*exp(-2*a-1/2*b“2/c)*erfi(1/2*(-2*c*x+b)*2”(1/2)/c”(
1/2))%27(1/2)%Pi"(1/2) /e~ (1/2) |

3.22.2 Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.31
/ sinh® (a + bz — c2?) dz
—4\/_\/53” + \/_erﬁ< b+2m> (COSh (2a + g‘i) — sinh <2a + g—i)) + \/_erf< b+2c"’> (cosh <2a + g—i) +5

8v2y/c

input LIntegrate [Sinh[a + b*x - c*x72]72,x]

-/

output ‘ (-4xSqrt[2]*Sqrt [c]*x + Sqrt[Pil*Erfil(-b + 2*c*x)/(Sqrt[2]*Sqrt[c])]1*(Cos
‘ h[2*a + b~2/(2*c)] - Sinh[2*a + b~2/(2%c)]) + Sqrt[Pi]*Erf[(-b + 2xcx*x)/(S
‘ qrt [2]*Sqrt[c])]1*(Cosh[2*a + b~2/(2*c)] + Sinh[2*a + b~2/(2%c)]))/(8*Sqrt[
2]*Sqrt[c])

ERI———.——.,

3.22.  [sinh®(a+ bz — cz?) dz



input

output

rule 2009

rule 5899
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3.22.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 143 Ryles used

integrand size
= {5899, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sinh2 (a+bx— c:c2) dz

l 5899
1 5 1
/ icosh(2a+2bx—2cw ) — 3 dz
l 2009
™ a ﬁ —2CT T — a_ﬁ —2cx
el b))
8/ 8v/c 2

-

LInt [Sinh[a + b*x - c*x~2]"2,x]

-/

‘ -1/2*x - (E"(2%a + b~2/(2*c))*Sqrt [Pi/2]*#Erf [(b - 2*c*x)/(Sqrt[2]*Sqrt[c])
‘ 1)/(8*3qrtc]l) - (E"(-2%a - b~2/(2%c))*Sqrt [Pi/2]1*Erfi[(b - 2*c*x)/(Sqrt[2
1*Sqrt [c])])/(8*Sqrt[c])

N J

-

3.22.3.1 Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul] J

e B

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTr
‘igReduce[Sinh[a + b*x + c*x"2]°n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n,
1]

|\

3.22.  [sinh®(a+ bz — cz?) dz
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3.22.4 Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.82

method | result size
4a.c+b2 4ac+b2
. Vre 2 erf(v/—2cz+—2— Jre 2 /2erf \[\/Ew—i-bf
risch -5+ 8\/(7 verd) _ 16( %) 90
—2¢c f
inputkint(sinh(-c*x‘2+b*x+a)‘2,x,method=_RETURNVERBOSE) J

output ‘ -1/2xx+1/8%Pi”~ (1/2) *exp (-1/2% (4*a*xc+b~2) /c)/ (-2*c) " (1/2) xerf ((-2*c) ~(1/2)* ‘
| x+b/ (-2%c) " (1/2))-1/16+%Pi~ (1/2) xexp(1/2% (4xaxc+b~2) /c)*2~ (1/2) /¢~ (1/2) xert
(27 (1/2)%e™ (1/2)#x+1/240527(1/2) /€7 (1/2)) )

3.22.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.20

/sinh2 (a+bz—cz?) do =
\/5\/7_1'\/—_c<cosh (%) — sinh <b2"2'—iac)> erf (m“—b) \/_\/_\/_(cosh (b "'4“) + sinh (

16¢

input‘integrate(sinh(—c*x‘2+b*x+a)”2,x, algorithm="fricas") ‘

output‘-1/16*(sqrt(2)*sqrt(pi)*sqrt(-c)*(cosh(1/2*(b“2 + 4xaxc)/c) - sinh(1/2%(b"
‘2 + 4x*axc)/c))*erf (1/2xsqrt(2)*(2xc*x - b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)=*
‘sqrt(c)*(cosh(1/2*(b‘2 + 4*axc)/c) + sinh(1/2*%(b”2 + 4xa*c)/c))*erf(1/2*sq
Lrt(Z)*(Q*c*x - b)/sqrt(c)) + 8*cxx)/c J

3.22.  [sinh®(a+ bz — cz?) dz
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3.22.6 Sympy [F]

/sinh2 (a+ bz — cz?) dor = /sinh2 (a+ bz — cz®) dz

input Lintegrate (sinh(-cxx**2+b*x+a) **2,x)

~—

-

output  Integral(sinh(a + b*x - c*x**2)**2, x)

-

i

3.22.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.87

VayFat (Vayer - y2) o)

/sinh2 (a + bx — ca:2) dx =

16+/c
2
. V2\/ erf (\/5\/—_035 + 2%) o(~20-57) 1
16 v/—¢ 2%

-

input‘integrate(sinh(—c*x‘2+b*x+a)‘2,x, algorithm="maxima")

~—

output(1/16*sqrt(2)*sqrt(pi)*erf(sqrt(z)*sqrt(c)*x - 1/2*sqrt(2) *b/sqrt(c))*xe” (2%
‘a + 1/2x¥b"2/c) /sqrt(c) + 1/16*sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(-c)*x + 1/
L2*sqrt(2)*b/sqrt(—c))*e‘(—2*a - 1/2%b~2/c)/sqrt(-c) - 1/2*x

~

3.22.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.87

2/merf (—1/2\/c(2x — 2 e<%)
/sinh2 (a+bz—c:v2) der = _\/_\/_ ( 2\/_1\6/_\55 c))
Vaymert (-1 vy o2z — 1)) e E)
- 16 v/—c 5%

3.22.  [sinh®(a+ bz — cz?) dz
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inputLintegrate(sinh(-c*x“2+b*x+a)”2,x, algorithm="giac")

output‘-1/16*sqrt(2)*sqrt(pi)*erf(-1/2*sqrt(2)*sqrt(c)*(2*x - b/c))*e”(1/2x(b"2 +
‘ 4xa*xc)/c)/sqrt(c) - 1/16*sqrt(2)*sqrt(pi)*erf (-1/2*sqrt(2)*sqrt(-c)*(2*x
‘— b/c))*e”(-1/2%(b~2 + 4*axc)/c)/sqrt(-c) - 1/2*x

3.22.9 Mupad [F(-1)]
Timed out.

/sinh2 (a+ bz — cz?) dor = /sinh(—ca:2+bz+a)2dx

inputtint(sinh(a + bxx - c*x”2)72,x)

outputtint(sinh(a + b*x - c*xx~2)72, x)

3.22.  [sinh®(a+ bz — cz?) dz
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inh? —cx?
3.23 f sinh (a—i—bx ) dr

T
3.23.1 Optimalresult . . . . .. .. . . ... .. . e 162
3.23.2 Mathematica [N/A] . . . . .. . . . 162
3.23.3 Rubi [N/A] . . . o oo 163
3.23.4 Maple [N/A] (verified) . . . . . . . ... L 164
3.23.5 Fricas [N/A] . . . . . 164
3.23.6 Sympy [N/A] . . . . 164
3.23.7 Maxima [N/A] . . . . . . 165
3.23.8 Giac [N/A] . . . . . o 1651
3.23.9 Mupad [N/A] . . . . 165

3.23.1 Optimal result

Integrand size = 18, antiderivative size = 18

T 2 2

log(z) 1 (cosh (2a + 2bz — 2cx?) z)
T )

. 12 — pp2
/smh (a+br —cx )dz=——+_1nt

output L-1/2*1n(x) +1/2*Unintegrable (cosh(-2*%cxx~2+2*b*x+2%a) /x,X)

3.23.2 Mathematica [N/A]

Not integrable

Time = 14.14 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dz

/ sinh® (@ + bz — cz?) gy — / sinh® (a + bz — cz?)
T T

-

input Integrate[Sinh[a + b*x - c*x~2]72/x,x]

N\

output LIntegrate [Sinh[a + b*x - c*x~2]"2/x, x]

3.93. f sinh? (a—i—bx—cacz) dx

T
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3.23.3 Rubi [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {5917,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

- 2
/smh (a—i—bm cr ) i
x
l 5917
o2
/ (cosh (2a + 2bz — 2cz?) B 1) s
2z 2z
l’2009

1 / cosh (—2cz? + 2bz + 2a) p log(z)
— :E —
2 z 2

~—

input LInt [Sinh[a + b¥x - c*x~2]°2/x,x]

output ‘ $Aborted ‘

3.23.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 5917‘Int[((d_.) + (e_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_)
» X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x~2]"n, x
1, x] /; FreeQl{a, b, c, d, e, n}, x] & IGtQ[n, 1]

3.93. f sinh? (a—i—bx—cacz) dx

T
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3.23.4 Maple [N/A] (verified)

Not integrable

Time = 0.24 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ sinh (—cz? + bz + a)’
T

dz

input Lint (sinh(-c*x~2+b*x+a) ~2/x,x)

outputLint(sinh(-c*x“2+b*x+a)‘2/x,x)

3.23.5 Fricas [N/A]
Not integrable

Time = 0.24 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

. 2 . 2 . 2 2
/smh (a +xbx cx )d:c _ / sinh (—cz x+ bx + a) s

input Lintegrate (sinh(-c*x~2+b*x+a) ~2/x,x, algorithm="fricas")

outputLintegral(sinh(c*x‘Q - bxx - a)72/x, x)

3.23.6 Sympy [N/A]

Not integrable

Time = 0.75 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

dz

/ sinh® (a + bz — cz?) dp — / sinh® (a + br — cz?)

T T

p
inputtintegrate(sinh(—c*x**2+b*x+a)**2/x,x)

e—

output LIntegral(sinh(a + b*x - Cckx**2)**2/x, X)

3.93. f sinh? (a+bx—cac2) dz

T
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3.23.7 Maxima [N/A]

Not integrable

Time = 0.35 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.83

/ sinh? (a +xbx — cx?) i — / sinh (—cac2x+ bz + a)’ i

input‘integrate(sinh(-c*x”2+b*x+a)“2/x,x, algorithm="maxima")

output‘1/4*integrate(e“(2*c*x‘2 - 2%b*x - 2%a)/x, x) + 1/4xintegrate(e” (-2*c*xx"2
‘+ 2%b*x + 2*%a)/x, x) - 1/2%log(x)

3.23.8 Giac [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

.12 2 : a2 2
/ sinh” (a +xbx cz?) dr — / sinh (—cz x+ bz + a) d

inputLintegrate(sinh(—c*x‘2+b*x+a)”2/x,x, algorithm="giac")

outputLintegrate(sinh(-c*x‘2 + bxx + a)72/x, x)

3.23.9 Mupad [N/A]

Not integrable

Time = 1.09 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

T T

.12 _ 2 . _ 2 2
/smh (a+ bz cx)d _/smh( cx’*+bzr+a) i

inputtint(sinh(a + b*x - c*x72)72/x,x)

outputtint(sinh(a + b*x - c*x72)72/x, x)

3.93. f sinh? (a+bx—cac2) dz

T
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3.24  [z%sinh® 3+ +2?) dz

3.24.1 Optimal result . . . . . . .. . .. 166]
3.24.2 Mathematica [A] (verified) . . . . . . ... ... .. L Lo oL 166
3.24.3 Rubi [A] (verified) . . . . . . ... 167
3.24.4 Maple [A] (verified) . .. . ... . ... .. 168
3.24.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 168
3.24.6 Sympy [F] . . . . . 169
3.24.7 Maxima [C] (verification not implemented) . . . . . . .. ... ... ... .. 1691
3.24.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 169
3.24.9 Mupad [F(-1)] . . . . o o 170

3.24.1 Optimal result

Integrand size = 15, antiderivative size = 68

3
/xZSinh2 (}L—F.'E-i-wz) dg;:_x__i_i Eerf(1+2x)

6 16\ 2 V2
~ L ginn 1+2 + 22° +1 sinh 1+2 + 22°

output \ -1/6%x73-1/16*sinh (1/2+2*x+2*x"2)+1/8*x*sinh (1/2+2*x+2*x~2)+1/32*erf (1/2*( \
1424x) %27 (1/2)) %27 (1/2)¥Pi™ (1/2) |

3.24.2 Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.46

/z2 sinh? (i +z+ x2) dz

—16+/ex® + 3(—1 + e)(—1 + 2z) cosh(2z(1 + z)) + 3\/267rerf<1$%z> — 3sinh(2z(1 + z)) — 3esinh(2z(1
96/

input LIntegrate [x"2*Sinh[1/4 + x + x72]72,x]

-/

output‘ (-16%Sqrt [E]*x~3 + 3*(-1 + E)*(-1 + 2xx)*Cosh[2*x*(1 + x)] + 3*Sqrt[2*E+Pi
\]*Erf[(l + 2xx)/Sqrt[2]] - 3*Sinh[2*x*(1 + x)] - 3*ExSinh[2*x*(1 + x)] + 6
(*xkSinh[24xx (1 + x)] + 6*Exx*Sinh[2+x*(1 + x)1)/(96+Sqrt [E])

3.24. [ 2? sinh? (;11 +z+ x2) dz



input LInt [x~2*Sinh[1/4 + x + x~2]1°2,%]

;
output‘ -1/6*x~3 + (Sqrt[Pi/2]*Erf[(1 + 2#x)/Sqrt[2]1]1)/16 - Sinh[1/2 + 2*x + 2%x~2

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]
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3.24.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 133 Ry jaq ysed = {5917,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/m2 sinh? <x2 +x+ i) dx

l 5917
1, 9 1\ 22
/<2m cosh <29: +2x+2> 2> dz
l'2009
1 2z +1 31 1 1 1
16 ;rerf< x\/—g ) — % + gzsinh (23:2 + 2z + 2) — Rsinh <2z2 + 2z + 2)

~—

——.

\]/16 + (x*Sinh[1/2 + 2%x + 2%x~2])/8

3.24.3.1 Defintions of rubi rules used

e

~—

Int[((d_.) + (e_.)*(x_))~(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21"(n_)
, X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)”m, Sinh[a + b*x + c*x~2]"n, x ‘
L], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1] J

3.24. [ 2? sinh? (;11 +z+ x2) dz
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3.24.4 Maple [A] (verified)

Time = 0.80 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.13

method

result

size

risch

re

(1422)2
-2

_|_e

(1422)2
-2

n \/7?\/5 erf(x/iac—i-%)

g

(1422)2
e 2

(1422)2
e 2

16

32

32

16

32

7

input Lint (x~2%sinh(1/4+x+x~2) ~2,x,method=_ RETURNVERBOSE)

-/

OutPUt‘-1/6*x‘3—1/16*x*exp(-1/2*(1+2*x)‘2)+1/32*exp(—1/2*(1+2*x)‘2)+1/32*Pi‘(1/2)
\*2“(1/2)*erf(2‘(1/2)*x+1/2*2‘(1/2))+1/16*X*exp(1/2*(1+2*x)‘2)—1/32*exp(1/2
*(142%x)"2) |

3.24.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 268 vs. 2(52) = 104.

Time = 0.26 (sec) , antiderivative size = 268, normalized size of antiderivative = 3.94

1
/acQSinh2 (Z+x+x2) dz =

16 23 cosh (z® + z + ;i)Q —3(2z—1)cosh (22 +z + %)4— 12 (2z — 1) cosh (z* + z + 1) sinh (22 + =

inputLintegrate(x“2*sinh(1/4+x+x“2)“2,x, algorithm="fricas") J

e N

-1/96* (16*x"3*cosh(x"2 + x + 1/4)"2 - 3*%(2*%x - 1)*cosh(x"2 + x + 1/4)"4 -
12*%(2*%x - 1)*cosh(x"2 + x + 1/4)*sinh(x"2 + x + 1/4)"3 - 3*(2*x - 1)*sinh(
X"2 + x + 1/4)74 + 2%(8*xx~3 - 9% (2*xx - 1)*cosh(x™2 + x + 1/4)"2)*sinh(x"2
+ x + 1/4)72 + 4% (8*x"3*cosh(x"2 + x + 1/4) - 3*%(2*x - 1)*cosh(x"2 + x + 1
/4)"3)*sinh(x"2 + x + 1/4) - 3*sqrt(pi)*(sqrt(2)*cosh(x~2 + x + 1/4) " 2xerf
(1/2%sqrt(2)*(2*x + 1)) + 2xsqrt(2)*cosh(x™2 + x + 1/4)*erf(1/2*sqrt(2)*(2
*x + 1))*sinh(x"2 + x + 1/4) + sqrt(2)*erf (1/2*sqrt(2)*(2*x + 1))*sinh(x"2
+ x + 1/4)72) + 6%x - 3)/(cosh(x"2 + x + 1/4)72 + 2*cosh(x"2 + x + 1/4)*s
inh(x"2 + x + 1/4) + sinh(x™2 + x + 1/4)72)

output

3.24. [ 2? sinh? (;11 +z+ x2) dz
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3.24.6 Sympy [F]

1 1
/xQSinhQ (Z+x+x2) davz/acQSinh2 <x2+x+1) dz

p
input Lintegrate (x**2%sinh (1/4+x+x**2) **2,x)

~—

~—

outputLIntegral(x**Q*sinh(x**2 + x + 1/4)%%2, x)

3.24.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.30 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.66

1 1 1
/352 sinh® (Z +z+ xz) de = —-23+ — <2a:e% — e%>e(2m2+2z)

6 32
. 373 1 oy ivm2z+1)(erf((/3\/(2z+1)%) -1 1
64 (22 +1)%)? 2z + 1)

input ‘ integrate (x"2*sinh(1/4+x+x~2)"2,x, algorithm="maxima")

Output‘—i/s*x‘s + 1/32%(2xx*e”(1/2) - e~ (1/2))*e~(2*%x72 + 2*x) - 1/64*I*sqrt(2)*( \
\-2*1*(2*x + 1)"3xgamma(3/2, 1/2*%(2*x + 1)72)/((2*%x + 1)72)7(3/2) + I*sqrt( \
pi)*(2xx + 1)*(erf(sqrt(1/2)*sqrt((2%x + 1)72)) - 1)/sqrt((2xx + 1)72) + 2
*Dksqrt(2)*e” (-1/2+(24x + 1)72)) |

3.24.8 Giac [A] (verification not implemented)
Time = 0.28 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.90
9 . 19 (1 5 1 4 1 1
z” sinh g tete dx:—gx +§\/§\/7_rerf 5\/5(230-1—1)
1 1 1 1
_ _ (22 +2x+3) _ - _ (—222-2z-1
t35 (2z—1)e V- (2z—1)e 2

3.24. [ 2? sinh? (;11 +z+ x2) dz



CHAPTER 3. LISTING OF INTEGRALS 170

inputLintegrate(x“2*sinh(1/4+x+x“2)“2,x, algorithm="giac")

output‘-l/G*x”B + 1/32xsqrt (2) *sqrt (pi) *erf (1/2*sqrt (2)*(2xx + 1)) + 1/32%(2*x -
‘1)*e“(2*x‘2 + 2%x + 1/2) - 1/32%(2%x - 1)*e”(-2*x"2 - 2*x - 1/2)

3.24.9 Mupad [F(-1)]

1 1\ 2
/m%mw(z+x+ﬁ)dxz/ﬁ%mh03+x+z)dm

Timed out.

input Lint(x‘2*sinh(x + x72 + 1/4)72,%)

outputtint(x‘Z*sinh(x + x72 + 1/4)72, x)

3.24. [ 2? sinh? (;11 +z+ x2) dz
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3.25 | x sinh? (% +z+ x2) dx

3.25.1 Optimal result . . . . . . .. . .. . . Ival
3.25.2 Mathematica [A] (verified) . . . . . . . . ... .. L vl
3.25.3 Rubi [A] (verified) . . . . . ... .. 172
3.25.4 Maple [C] (verified) . ... ... ... . .. 173
3.25.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 173l
3.25.6 Sympy [F] . . . . . e
3.25.7 Maxima [C] (verification not implemented) . . . . . . . .. ... ... ... .. Ive!
3.25.8 Giac [C] (verification not implemented) . . . ... ... ... ........ 175
3.25.9 Mupad [F(-1)] . . . . oo 175

3.25.1 Optimal result

Integrand size = 13, antiderivative size = 75

1 x? 1 /=n 1+ 2x
inh? | = 2 de = -2 — — [ Zerf| =22
/xsm ( +x+x) T 16 2er( \/§ >

1 1+2 1 1
— E@ex‘ﬁ(%) + 3 sinh (5 + 22 + 23:2)

OUtput | -1/4%x~2+1/8xsinh(1/2+2%kx+2%x~2)~1/32*erf (1/2% (1+2%x)*2" (1/2)) %2~ (1/2)#Pi”
| (1/2)-1/32%er£i (1/2% (1+24x) %27 (1/2))*27 (1/2) *Pi~ (1/2) |

3.25.2 Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.17

/zsi:ﬂh2 (}1 +x—|—z2) dz

—8y/ex? + 2(—1+ €) cosh(2z(1 + z)) — @erf(%) - %erﬁ(l‘\’}%”’> +2(1 4 ) sinh(2z(1 + z))
- 32./e

-/

input LIntegrate [x*Sinh[1/4 + x + x72]72,x]

output| (-8+Sqrt [E]*x™2 + 2%(-1 + E)*Cosh[2%x*(1 + x)] - Sqrt[2+ExPil*Erf[(1 + 2xx
1)/8qrt[2]] - Sqrt[2+E+Pil+Erfil(1 + 2#x)/Sqrt[2]] + 2%(1 + E)*Sinh[2#x*(1 |
‘+ x)1)/(32%Sqrt [E]) ‘

3.25. fgvsinh2 (i +x+ xz) dz
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3.25.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 154 Ryjes used = {5917,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/acsinh2 <w2+w+ i) dxr

l 5917

1 9 1 T
/ <2x cosh <2:c + 2z + 2) — 2) dr

lzoog
1 [r (2z+1 1 [« 2z +1 2 1 9 1
— ] Zerf — o erfil ) -2 4 Zinh (2 2% + =
16 2er<\/§> 16\/;er<ﬁ) 4+85m<x+x+2)

input‘ Int[x*Sinh[1/4 + x + x~2]72,x]

output‘-1/4*x"2 - (Sqrt[Pi/2]*Erf[(1 + 2*x)/Sqrt[2]]1)/16 - (Sqrt[Pi/2]*Erfi[(1 +
‘2*x)/Sqrt [211)/16 + Sinh[1/2 + 2*x + 2%x~2]/8

3.25.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 5917‘Int[((d_.) + (e_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21"(n_)
, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)”"m, Sinh[a + b*x + c*x"2]"°n, x
‘], x] /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, 1]

—

3.25. fgvsinh2 (i +x+ xz) dz
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3.25.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.79 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00

method | result size
_(+22)? \/77\/5 erf(ﬂ:v—i—ﬁ) (1+22)? zﬁ\/i erf(i\/ia:—i—i‘/ﬁ)
; .'132 € 2 2 e 2 2
risch -z - 16 32 + 5 T 32 7
inputLint(x*sinh(1/4+x+x“2)‘2,x,method=_RETURNVERBOSE) J

output | -1/4%x~2-1/16*exp(~1/2+ (1+2%x) ~2)~1/32¢P1i" (1/2)*2~ (1/2) *erf (2~ (1/2) *x+1/2%
|27(1/2))+1/16%exp (1/2% (1+2%x) ~2) +1/32+T*Pi" (1/2) #2" (1/2) *erf (Ix2" (1/2) *x+1
/2%T%27(1/2)) |

3.25.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 307 vs. 2(57) = 114.

Time = 0.25 (sec) , antiderivative size = 307, normalized size of antiderivative = 4.09

/acsinh2 (i +x+a:2) dzr =

8z?cosh (22 + = + ;11)2 —2cosh (2 +z + %)4 —8cosh (2> +z + 1) sinh (22 + z + 411)3 — 2 sinh (2?-

e

inputtintegrate(x*sinh(1/4+x+x‘2)‘2,x, algorithm="fricas")

~—

output | -1/32*(8*x"2*cosh(x"2 + x + 1/4)72 - 2xcosh(x"2 + x + 1/4)74 - 8*cosh(x"2
+ x + 1/4)*sinh(x"2 + x + 1/4)73 - 2*sinh(x"2 + x + 1/4)74 + 4*%(2*x~2 - 3%
cosh(x™2 + x + 1/4)"2)*sinh(x"2 + x + 1/4)72 + 8% (2*x"2*cosh(x"2 + x + 1/4
) - cosh(x™2 + x + 1/4)"3)*sinh(x"2 + x + 1/4) + sqrt(pi)*(sqrt(2)*cosh(x”
2 + x + 1/4)"2%erf (1/2*sqrt(2)*(2*x + 1)) - sqrt(-2)*cosh(x"2 + x + 1/4)°2
xerf (1/2xsqrt(-2)*(2xx + 1)) + (sqrt(2)*erf(1/2*sqrt(2)*(2*x + 1)) - sqrt(
-2)xerf (1/2xsqrt (-2)*(2*x + 1)))*sinh(x"2 + x + 1/4)72 + 2x(sqrt(2)*cosh(x
"2 + x + 1/4)*erf(1/2*sqrt(2)*(2*%x + 1)) - sqrt(-2)*cosh(x"2 + x + 1/4)*er
f(1/2%sqrt (-2)*(2*x + 1)))*sinh(x"2 + x + 1/4)) + 2)/(cosh(x"2 + x + 1/4)"
2 + 2xcosh(x”2 + x + 1/4)*sinh(x”2 + x + 1/4) + sinh(x"2 + x + 1/4)72)

3.25. fgvsinh2 (i +x+ xz) dz
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3.25.6 Sympy [F]

1 1
/avsinh2 (Z+x+x2) dav=/xsinh2 (x2+x+1) dx

B
input Lintegrate (x*sinh (1/4+x+x%%2) **2,x)

~—

outputLIntegral(x*sinh(x**Q + x + 1/4)*%2, x)

~—

3.25.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.32 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.61

/&ﬁmﬂ(i+x+xﬁcm
V(22 +1) (erf (\@\/W) _ 1)
L _uﬁ@x+neﬁ(¢%ﬂi;3?)—g

— ==t
2z +1)

1, 1
=752

32

- \/ﬁe(% (22+1)7)

_iv3e (-1 @e+1)?)

inputLintegrate(x*sinh(1/4+x+x‘2)“2,x, algorithm="maxima")

e

output

L + 1)72) - Iksqrt(2)*e~(-1/2%(2*x + 1)72))

-1/4*%x72 - 1/32%sqrt(2)*(sqrt(pi)*(2*x + 1)*(erf(sqrt(1/2)*sqrt(-(2*x + 1)
“2)) - 1)/sqrt(-(2*x + 1)72) - sqrt(2)*e~(1/2*%(2*x + 1)72)) - 1/32*Ixsqrt(
‘2)*(—I*sqrt(pi)*(2*x + 1)*(erf(sqrt(1/2)*sqrt((2*x + 1)72)) - 1)/sqrt((2*x

~—

3.25. fgvsinh2 (i +x+ xz) dz
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3.25.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.93

/avsinh2 (%l+x+x2) dx:—l 2—3%\/5\/Eerf (%\/ﬁ(2x+1)>

Zl’
1. 1.
~ 35 V2+/m erf —5i V2(2z +1)
1 . 1 )
T (2x2+2z+7) - (—2x2—2w—7)
*16° Y716 ’

inputtintegrate(x*sinh(1/4+x+x‘2)‘2,x, algorithm="giac")

| —

p

output‘—1/4*x“2 - 1/32%sqrt(2)*sqrt (pi) *erf (1/2*sqrt(2)*(2*xx + 1)) - 1/32xI*sqrt(
‘2)*sqrt(pi)*erf(—1/2*I*sqrt(2)*(2*x + 1)) + 1/16%e”(2%x"2 + 2*x + 1/2) - 1
L/lG*e“(—2*x“2 - 2%x - 1/2)

~

3.25.9 Mupad [F(-1)]

Timed out.

1\ 2
/zsinh2 (i—l—x—kzz) dzz/xsinh(xQ—l-m—{—L—l) dz

inputtint(x*sinh(x + x72 + 1/4)72,%)

| —

output Lint(x*sinh(x + x72 + 1/4)72, x)

3.25. fgvsinh2 (i +x+ xz) dz
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3.26 [sinh® (2 + z + 2?) dz
* 4

3.26.1 Optimalresult . .. ... ... ... .. . ... o 1706l
3.26.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 176
3.26.3 Rubi [A] (verified) . . . . . . ... .. I
3.26.4 Maple [C] (verified) . . . .. .. .. . ... 178
3.26.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 178
3.26.6 Sympy [F] . . . . . . 179
3.26.7 Maxima [C] (verification not implemented) . . . . . . . . ... ... ... .. 179
3.26.8 Giac [C] (verification not implemented) . . . ... ... ... ........ 179
3.26.9 Mupad [F(-1)] . . . . . 180

3.26.1 Optimal result

Integrand size = 11, antiderivative size = 56

1
/sinh2 (Z+x+x2) dr =

2 8V 2 V2

1 /m
+§ Eerﬁ(

1+ 2z

i)

output ‘ -1/2*x+1/16%erf (1/2% (1+2*x) %2~ (1/2) ) %27 (1/2) *Pi~ (1/2)+1/16%erfi (1/2* (1+2*x

N

)*27(1/2))*27(1/2)*Pi~ (1/2)

3.26.2

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.86

/sinh2 (i+x—|—x2) dz = 1

16

(—Sx + \/%erf(

1+ 2z

V2

) + \/Eerﬁ<

1+ 2z

V2

))

input LIntegrate [Sinh[1/4 + x + x72]72,x]

output

e

[211)/16

(-8*x + Sqrt[2*Pi]*Erf[(1 + 2*x)/Sqrt[2]] + Sqrt[2*Pi]*Erfi[(1 + 2*x)/Sqrt

3.26.

fsinh2 (i +z+2%) dz
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3.26.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 199 Ryjeg used = {5899,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sinh2 (:1:2 + x4+ i) dzr

l 5899

1 9 1 1
/<2cosh (23: +2w+2> —2> dz

l 2009
1 /=« 2¢ +1 1 /o 2¢ + 1 x
= Derf = ) lerfi _Z
8 2‘”(\/5)*8 2<¢§> 2

input | Int[Sinh[1/4 + x + x72]172,x]

output‘ -1/2*%x + (Sqrt[Pi/2]*Erf[(1 + 2#*x)/Sqrt([2]]1)/8 + (Sqrt[Pi/2]*Erfi[(1 + 2#*x
)/8qrt[211)/8

3.26.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 5899‘Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTr
‘igReduce [Sinh[a + b*x + c*x"2]7n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n,
1]

—

3.26. fsinh2 (i +x+ xz) dz



CHAPTER 3. LISTING OF INTEGRALS 178

3.26.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.70 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.88

method | result size

T er z+ L2 /T erf (iv/2 o+ L2
risch —£4 vTv2 fl(f + 22) _ VT V2 fgﬁ 2ot 22) 49

~—

inputLint(sinh(1/4+x+x“2)‘2,X,method=_RETURNVERBOSE)

output(—1/2*x+1/16*Pi‘(1/2)*2‘(1/2)*erf(2“(1/2)*x+1/2*2“(1/2))-1/16*I*PiA(1/2)*2A
‘(1/2)*erf(I*2“(1/2)*x+1/2*I*2‘(1/2))

~

3.26.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.73

/sinh2 (}l+x+z2) dz
:1—16\/7?(\/§erf (% \/5(2$+1)) - V=Zerf G */‘_2(2””1)))
1

— -z

2

inputLintegrate(sinh(1/4+x+x‘2)‘2,x, algorithm="fricas") J

Output‘1/16*sqrt(pi)*(sqrt(2)*erf(1/2*sqrt(2)*(2*x + 1)) - sqrt(-2)*erf(1/2*sqrt(
-2)*(2%x + 1)) - 1/2%x |

3.26. fsinh2 (i +x+ xz) dz
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3.26.6 Sympy [F]

/sinh2 (i—l—x—l—aﬁ) da:=/sinh2 (:v2+z+i) dz

inputLintegrate(sinh(1/4+x+x**2)**2,x)

output‘Integral(sinh(x**2 + x + 1/4)*%2, x)

3.26.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.27 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.80
1 1 1
/sinh2 (4_1 +z —|—z2) dx = I V2\/merf (\/Ez + 5 \/5)
1 1 1
— 1—6i\/§\/7_rerf (i\/ﬁx+ 57;\/5) — 5

inputLintegrate(sinh(1/4+x+x‘2)‘2,x, algorithm="maxima")

output‘1/16*sqrt(2)*sqrt(pi)*erf(sqrt(2)*x + 1/2%sqrt(2)) - 1/16%I*sqrt(2)*sqrt(p
‘i)*erf(I*sqrt(2)*x + 1/2%Ixsqrt(2)) - 1/2*x

3.26.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.75

&/$m3(3+x4ﬂf)dz:]%VQVEaf<%¢ﬂ2w+10
+ %i V2\/7 erf (—%z V2(2z + 1)) — %:1:

inputLintegrate(sinh(1/4+x+x‘2)“2,x, algorithm="giac")

output‘1/16*sqrt(2)*sqrt(pi)*erf(1/2*sqrt(2)*(2*x + 1)) + 1/16*I*sqrt(2)*sqrt(pi)
*erf(-1/2+Txsqrt(2)*(2%x + 1)) - 1/2%x

3.26. fsinh2 (i +x+ xz) dz
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3.26.9 Mupad [F(-1)]
Timed out.
2
) dx

1 1
/sinh2 (Z+x+x2) dav=/sinh(x2+ac+é—l

-

input Lint(sin.h(x + 372 + 1/4)72,%)

outputtint(sinh(x + x72 + 1/4)72, x)

-/

3.26. fsinh2 (i +x+ xz) dz
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sinh? (%+x+x2)

3.27 | — dx

3.27.1 Optimal result . . . . . . . . . ... . [181]
3.27.2 Mathematica [N/A] . . . . . . . . 18T
3.27.3 Rubi [N/A] . . . oo 182
3.27.4 Maple [N/A] (verified) . . . . . . . . ... . 183l
3.27.5 Fricas [N/A] . . . . . 183
3.27.6 Sympy [N/A] . . . . 183
3.27.7 Maxima [N/A] . . . . . . 184
3.27.8 Giac [N/A] . . . . o o 184
3.27.9 Mupad [N/A] . . . . 184

3.27.1 Optimal result

Integrand size = 15, antiderivative size = 15

T 2 2

/ sinh® (1 + z + 2?) 4o _log() N I (cosh (1 + 2z + 222) z)
x )

outputL—1/2*1n(x)+1/2*Unintegrable(cosh(1/2+2*x+2*x‘2)/x,x)

3.27.2 Mathematica [N/A]
Not integrable

Time = 13.85 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

/sinh2 (izﬂaﬁ) dz = / sinh? (1 :x+x2) "

-

inputLIntegrate[Sinh[1/4 + x + x°2172/x,%]

outputLIntegrate[Sinh[1/4 + x + x72]172/x, x]

3.97. f sinh? (7 +z+22) dx

T

|
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3.27.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {5917,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sinh? (ac2 +x+ %)
/ . dz
l 5917
2 1
/ (cosh (222 + 2z + 3) 3 1) i
2z 2x
l'2009
1/ cosh (2z% + 2z + 3) i — log(z)
2 x T

inputtlnt[Sinh[1/4 + x + x°21°2/x,x]

e

output L$Aborted

~—

3.27.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5917‘Int[((d_.) + (e_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)
, X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x~2]"n, x
1, x1 /; FreeQM{a, b, c, d, e, u}, x] & IGtQ[n, 1]

3.97. f sinh? (7 +z+22) dx

T
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3.27.4 Maple [N/A] (verified)

Not integrable
Time = 0.32 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.87

/ sinh (1 +z +x2)2dx
T

input Lint (sinh(1/4+x+x72)"2/%,%)

outputtint(sinh(1/4+x+x“2)“2/X,x)

3.27.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

. . 2
/smh2 (;ll;l—x—l—xz) dx:/smh(x?;-z—i—i) "

input Lintegrate (sinh(1/4+x+x~2)"2/x,x, algorithm="fricas")

-/

output Lintegral(sinh(x? +x + 1/4)72/x, x)

3.27.6 Sympy [N/A]

Not integrable

Time = 0.68 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.93

/sinh2 (3 +z+2?) d:c=/smh2 (22 +z+ 1) e
x x

input Lintegrate (sinh(1/4+x+x**2)**2/x,X)

output LIntegral(sinh(x**2 + X + 1/4)*%2/x, Xx)

3.97. f sinh? (7 +z+22) dx

T
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3.27.7 Maxima [N/A]

Not integrable

Time = 0.32 (sec) , antiderivative size = 43, normalized size of antiderivative = 2.87

. . 2
/smh2 (L—ll—xkx+x2) dxz/smh(xz—mi-x—l—i) 4

inputLintegrate(sinh(1/4+x+x‘2)“2/x,x, algorithm="maxima")

p
output‘1/4*integrate(e‘(2*x‘2 + 2xx + 1/2)/x, x) + 1/4*integrate(e”(-2*x"2 - 2*x
- 1/2)/x, %) - 1/2¥1og(x)

3.27.8 Giac [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

. . 2
/smh2 (i;—x—l—xz) dx=/smh(w2;-z+i) i

inputLintegrate(sinh(1/4+x+x“2)“2/x,x, algorithm="giac")

output Lintegrate(sinh(x’? +x + 1/4)72/x, x)

3.27.9 Mupad [N/A]

Not integrable

Time = 1.09 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

. . 2
/ sinh” (3 ‘z" T +1%) de — / sinh («” : z+3) dz

input Lint(sinh(x + X2 + 1/4)°2/%,%)

output Lint(sinh(x + x72 + 1/4)°2/x, x)

3.97. f sinh? (7 +z+22) dx

T



output
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3.28 [(d + ex)?sinh (a + bx + cx?) dx

3.28.1 Optimalresult . . . . .. .. . ... ..
3.28.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL
3.28.3 Rubi [A] (verified) . . . . . ... ..
3.28.4 Maple [B] (verified) . . . ... ... . ...
3.28.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ..
3.28.6 Sympy [F] . . . . . .
3.28.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ...
3.28.8 Giac [A] (verification not implemented) . . . .. .. ... ... .......
3.28.9 Mupad [F(-1)] . . . . o o

3.28.1 Optimal result

Integrand size = 19, antiderivative size = 261

e(2cd — be) cosh (a + bz + cx?)

/(d + ex)?sinh (a + bz + c2?) dz =

4¢?
e(d + ex) cosh (a + bx + cx?)
+
2c
e2e i \/_erf<b+2cx)
8c3/2
(2cd — be)?e —atf V/merf <b+2“)
B 16¢5/2
ea— 4c \/_erﬁ<b+2cz)
3c3/2
(2cd — be)2e* 1 \/_ erfi (b“'zc‘”)
+ 16¢5/2

185
186l
186
1190
1190

192
195

1/4*e* (-b*e+2*xc*d) *cosh (ckx~2+b*x+a) /c~2+1/2%e* (e*x+d) *cosh (c*x~2+b*x+a) /c
-1/8*e"2%exp(-a+1/4*b~2/c)*erf (1/2* (2xcxx+b) /c~(1/2))*Pi~(1/2)/c~(3/2)-1/1
6% (~b*xe+2xcxd) ~2xexp (-a+1/4*b~2/c) *erf (1/2* (2xc*x+b) /c~(1/2) )*Pi~(1/2) /c~(
5/2)-1/8xe"2xexp(a-1/4%b~2/c) *erfi(1/2x(2*c*x+b) /c~(1/2))*Pi~(1/2)/c~(3/2)
+1/16% (-bxe+2*c*d) "2*exp(a-1/4*b~2/c) *erfi (1/2* (2*%c*x+b) /c~(1/2))*Pi~(1/2)
/c”(5/2)

3.28.  [(d+ ex)?sinh (a + bz + cz?) dz




inputLIntegrate[(d + e*x)~2*Sinh[a + b*x + c*x~2],x]

output
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3.28.2 Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 194, normalized size of antiderivative = 0.74

/(d + ex)?sinh (a + bz + cz®) dz

4+/ce(4ed — be + 2cex) cosh(a + z(b + cx)) + (4c*d® + b?e? + 2ce(—2bd + €)) ﬁerf(b;rf/‘?) (— cosh (a :

e

~—

-

(4*Sqrt[c]*ex(4xc*d - bxe + 2xckexx)*Cosh[a + x*(b + c*x)] + (4*c™2*d"2 +
b 2*e”2 + 2xcke*x(-2%bxd + e))*Sqrt[Pi]*Erf[(b + 2*c*x)/(2*Sqrt[c])]*(-Cosh
[a - b™2/(4*%c)] + Sinh[a - b72/(4*c)]) + (4%c™2%d"2 + b~2%e”2 - 2*c*e*(2*%b
*d + e))*Sqrt[Pi]*Erfi[(b + 2*c#*x)/(2*Sqrt[c])I*(Cosh[a - b"2/(4*c)] + Sin
hla - b™2/(4xc)]1))/(16xc~(5/2))

3.28.3 Rubi [A] (verified)

Time = 0.86 (sec) , antiderivative size = 269, normalized size of antiderivative = 1.03,

number of steps used = 10, number of rules used = 10, Lumber of rules _ 0.526, Rules
integrand size

used = {5909, 5898, 2664, 2633, 2634, 5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ez)?sinh (a + bz + c2?) da

l 5909

(2cd — be) [(d + ex)sinh (cz? + bz + a) dz € [cosh (cz? + bz +a) dx N
2c

c
e(d + ex) cosh (a + bz + cz?)

2c
l 5898
—er2 _pr— 2
(2cd — be) [(d + ex) sinh (cz? + bz + a) dz e? (% [e-ex"br—agy 4 % [ e +bx+adm> .
2c 2¢c
e(d + ex) cosh (a + bz + cz?)

2c

l 2664

3.28.  [(d+ ex)?sinh (a + bz + cz?) dz

16¢
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b2 (b+2cz) (b+2cz)
e (éeu_“fe_ ic 1 a_*fe ic >

- +
2c
(2cd — be) [(d + ex)sinh (cz?® + bz + a) dz e(d + ez) cosh (a + bz + cz?)
2c 2c
| 2633
b2
2 cx e Zcerfi( b2
e? %e%c_“fe ¢ )dw v 4\/E<2‘/E)
(2cd — be) [(d + ex) sinh (cz? + bz + a) e(d + ex) cosh (a + bz + cz?)
2c 2c
| 2634
o (viTet() | e beh(e)
4 4
(2cd — be) [(d + ex)sinh (cz?® + bz + a) dz ‘ ‘ N
2c 2c
e(d + ex) cosh (a + bx + cz?)
2c
| 5905
(2¢d—be) [ sinh cx?+bz+a)dz e cosh (a+bx+cz?
(2cd—be)( / 2£ ) + (2c )>
, 2c
b —a a cIT
.2 VTede erf(b;ff ) N N :rcerﬁ(”;fjé )
i/e ive
N e(d + ex) cosh (a + bz + cz?)
2c 2c
| 5897
(2cd—be) (% / ecm2+bm+adx_% / e_wz_bm_a‘m) e cosh (a+bz+cz?)
(2cd — be) % + 2
\ 2c B
oty | e tar(v)
ive e
N e(d + ex) cosh (a + bz + cz?)
2c 2c
| 2664

3.28.  [(d+ ex)?sinh (a + bz + cz?) dz
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cx 2 cT 2
(2cd—be) (%ea_ﬁ% JeHEE dw—%E%%_“ fe_(b%?%dm) h(a-+bz-+ca?)
€ COSs. a L1+CT
(20d — be) 2% + 2c
2c B
2 Vche—serf(b2e)  ymerleerfi( i)
4 4
ve ve N e(d + exz) cosh (a + bz + cz?)
2c 2c
l 2633
ﬁea_%erﬁ< b+2cz) b2 (b+20z)2
(2cd—be) i/ e —%eTc_afe_ c T
ecosh(a+bx+cz2)
(26d - bE) 2% + 2c
2c -
o[ Ve reri(te) | e teerfi()
44/c 4v/c
‘ ‘ N e(d + ex) cosh (a + bz + cz?)
2c 2c
l 2634
b2 b2
7o~ dcerfi( bf2ee wedc ~oerf( br2ce
(20d_be)(f 4«6( )~ NE( = )) 2
ecosh(a+bz+c:v )
(2cd — be) 3¢ + 2c
2c
0 \/Tre%%—“erf( b;j%") ﬁe“‘%erﬁ(—”;j%”>
N e(d + ex) cosh (a + bz + cz?)

2c 2c

-

input LInt[(d + exx) 2%Sinh[a + b*x + c*x~2],x]

output

(ex(d + exx)*Cosh[a + b*x + c*x~2])/(2%c) - (e"2*((E~(-a + b~2/(4*c))*Sqrt
[Pil*#Erf [(b + 2*c*x)/(2%Sqrt[c])])/(4*Sqrtlc]) + (E~(a - b~2/(4*c))*Sqrt[P
iI*Erfi[(b + 2*c#*x)/(2*Sqrtlc])]1)/(4*%Sqrtlcl)))/(2xc) + ((2*c*d - bxe)*((e
*Cosh[a + bxx + c*xx72])/(2*c) + ((2*cxd - b*e)*(-1/4*%(E~(-a + b~2/(4%c))*S
qrt [Pil*Erf[(b + 2*c*x)/(2*%Sqrtlc])])/Sqrtlc] + (E~(a - b~2/(4*c))*Sqrt[Pi
I*+Erfi[(b + 2%c*x)/(2*%Sqrt[cl)])/(4xSqrtlcl)))/(2xc)))/(2*c)

3.28.  [(d+ ex)’sinh(a+

bz + cz?) dz

~—




rule 2633

rule 2634

rule 2664

rule 5897

rule 5898

rule 5905

rule 5909
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3.28.3.1 Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)#*Rt[bxLog[F], 211/ (2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

N\

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]1/(2xd*Rt[(-b)*Log[Fl, 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4xc)) Int[F~((b + 2%c*x)~2/(4%c)), x], x] /; FreeQ[{F, a, b, c}, x]

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~”
(a + b*x + c*x”2), x], x] - Simp[1/2 Int[E~(-a - b*x - c*x72), x], x] /;
FreeQ[{a, b, c}, x]

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~”
(a + bxx + c*x72), x], x] + Simp[1/2 Int[E"(-a - b*x - c*x~2), x], x] /;
FreeQ[{a, b, c}, xl]

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[e*(Cosh[a + b*x + c*x72]/(2%c)), x] - Simp[(b*e - 2*c*d)/(2%c) I
nt[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e -
2*%cxd, 0]

N\

Int[((d_.) + (e_.)*(x_)) " (m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sy
mbol] :> Simplex(d + exx)~(m - 1)*(Cosh[a + b*x + c*x72]/(2*c)), x] + (-Sim
pl(bxe - 2xcxd)/(2*c) Int[(d + exx)"(m - 1)*Sinh[a + b*x + c*x”~2], x], x]
- Simp[e™2*((m - 1)/(2*c)) Int[(d + exx)~(m - 2)*Cosh[a + b*x + c*xx~2],

x], x1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2xc*d, 0]

3.28.  [(d+ ex)?sinh (a + bz + cz?) dz
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3.28.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 459 vs. 2(205) = 410.

Time = 0.64 (sec) , antiderivative size = 460, normalized size of antiderivative = 1.76

method | result

4ac—b?

_ _ b2
erf(\/a$+ 25/5)\/7?d2e 4c 2, e—(cz+b) e—%e2pe—(cz+b) € ae2b2ﬁe4c erf(\/Ex+

b
2./c

) _

e~ %2\/7

: e %
risch ive + y” o7 v~

;
input| int ((e*x+d) “2*sinh (c*x~2+b*x+a) ,x,method=_RETURNVERBOSE)

output

-1/4*erf (c~(1/2)*x+1/2%b/c”(1/2))/c~(1/2)*Pi~ (1/2) *d~2*exp (-1/4* (4*a*c-b~2
)/c)+1/4xexp(-a)*e~2/c*x*xexp (-x* (cxx+b))-1/8*exp(-a) *e~2%b/c~2*exp (-x* (c*x
+b))-1/16xexp(-a)*e~2+%b"2/c~(5/2)*Pi~ (1/2) *exp(1/4*¥b~2/c) *erf (c~(1/2) *xx+1/
2xb/c~(1/2))-1/8*xexp(-a)*e~2/c~(3/2) *Pi~ (1/2) *exp(1/4*b~2/c)*xerf (c~(1/2) *x
+1/2%b/c”(1/2))+1/2*exp(-a) *d*e/c*exp (-x* (c*x+b) ) +1/4*exp(-a) *d*e*b/c” (3/2
)*Pi~ (1/2) *exp(1/4xb~2/c)*xerf (c™(1/2)*x+1/2x¥b/c~(1/2))-1/4*erf (-(-c)~(1/2)
*x+1/2xb/ (-c)~(1/2))/(-c)~(1/2)*Pi~ (1/2) *d"2*exp (1/4* (4*a*c-b~2) /c)+1/4*ex
p(a)*e~2/cxx*exp (x* (c*xx+b))-1/8*exp(a) *e~2*b/c~2*exp (x* (c*x+b) ) -1/16*exp(a
)*e~2xb~2/c”2%Pi~ (1/2) *exp(-1/4%b~2/c) /(-c) ~(1/2) *erf (-(-c) ~(1/2) *x+1/2%b/
(-c)~(1/2))+1/8%exp(a)*e~2/c*Pi~(1/2) *exp(-1/4*b~2/c) /(-c)~(1/2) *erf (- (-c)
~(1/2) *x+1/2%b/ (-c)~(1/2) ) +1/2*xexp(a) *d*e/c*exp (x* (c*x+b) ) +1/4*exp(a) *d*e*
b/c*xPi~ (1/2)*exp(-1/4%b~2/c)/(-c)~(1/2) *erf (-(-c)~(1/2) *x+1/2*b/ (-c)~(1/2)
)

3.28.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 634 vs. 2(205) = 410.

Time = 0.26 (sec) , antiderivative size = 634, normalized size of antiderivative = 2.43

/(d + ex)?sinh (a + bz + cz®) dz

4c2%x + 8 2de — 2bce? + 2 (2 Pe®x + 4 Ade — bee?) cosh (ca? + bx + a)” — \/7_r<(4 Ad? — 4 bede + (b -

input  integrate((e*x+d) “2*sinh(c*x~2+b*x+a) ,x, algorithm="fricas")

3.28.  [(d+ ex)?sinh (a + bz + cz?) dz



output

CHAPTER 3. LISTING OF INTEGRALS

191

1/16% (4*c™2%e"2%x + 8*c™2*d*e — 2*bkc*e™2 + 2% (2xc"2xe”2%x + 4*xc”2%d*e - b
xc*xe”2)*cosh(c*x™2 + b*x + a)”2 - sqrt(pi)*((4*c™2*d"2 - 4*bxcxd*e + (b~2
- 2%c)*e"2)*cosh(c*x"2 + b*x + a)*cosh(-1/4*(b"2 - 4*a*xc)/c) + (4*c™2%d"2
- 4xb*c*dxe + (b~2 - 2xc)*e”2)*cosh(c*x™2 + b*x + a)*sinh(-1/4*(b"2 - 4*ax
c)/c) + ((4xc™2*d"2 - 4xb*cxd*e + (b~2 — 2*c)*e”2)*cosh(-1/4*(b~2 — 4x*axc)
/c) + (4xc™2xd"2 - 4xb*ckdxe + (b2 - 2*c)*e”2)*sinh(-1/4*(b~2 - 4+*a*c)/c)
)*sinh(c*x~2 + b*x + a))*sqrt(-c)*erf(1/2*(2xc*x + b)*sqrt(-c)/c) - sqrt(p
i)*((4*c™2xd"2 — 4xb*c*d*e + (b™2 + 2*c)*e"2)*cosh(c*x"2 + b*x + a)*cosh(-
1/4%(b~2 - 4xa*xc)/c) - (4%c™2*%d"2 - 4xbkxcxdxe + (b2 + 2%c)*e”2)*cosh(c*x”
2 + bxx + a)*sinh(-1/4x(b~2 - 4*a*c)/c) + ((4xc™2*d"2 - 4xbxckd*e + (b~2 +
2xc)*e~2)*cosh(-1/4*(b~2 - 4*axc)/c) - (4xc™2xd"2 - 4xbxcxdxe + (b2 + 2%
c)*e”2)*sinh(-1/4%(b"2 - 4xax*c)/c))*sinh(c*x~2 + b*x + a))*sqrt(c)*erf(1/2
*(2*c*x + b)/sqrt(c)) + 4*(2%c™2%e”2%x + 4*c~2*d*e - b*cxe”2)*cosh(c*x™2 +
b*x + a)*sinh(c*x™2 + b*x + a) + 2*%(2%c"2%e”2xx + 4xc”2*d*e - bxckxe”2)*si
nh(c*x"2 + b*x + a)~2)/(c"3*cosh(c*x”2 + b*x + a) + c"3*sinh(c*x”2 + b*x +

a))

3.28.6 Sympy [F]

/(d + ex)’sinh (a + bz + cz?) dz = / (d + ex)®sinh (a+ bz + cz?) dz

r

inputLintegrate((e*x+d)**2*sinh(c*x**2+b*x+a),x)

| —

output’Integral((d + exx)**2*sinh(a + b*x + cxx**2), x)

3.28.  [(d+ ex)?sinh (a + bz + cz?) dz
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3.28.7 Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 536 vs. 2(205) = 410.

Time = 0.37 (sec) , antiderivative size = 536, normalized size of antiderivative = 2.05

/(d + ex)?sinh (a + bz + cz?) dz

2 2
\/_d2 erf <\/—_cx - %) 6((1_%) V/7d? erf <\/Ex + ﬁ) e(_'“'%)
— c _ 4\/5
cz+b)? (2cz 2
f(2cz+b)b erf \/ﬁ) 1) B 26(%) dee(a—%)
(2cz+b) Ve
44/c
f(2¢a:+b)b2 erf( \/@) 1) B 4be<%> B 4(2c:v+b)31"<%,—(2621'b)2) ezﬁ(a—i—i)

3
2\2 5
(_ (2 ijb) ) c?

NICO|

2
_ (2cz+b)? cz+b) c

16 /¢
cx 2
(f(2w+b)b erf \/M) 1) N 206(—(%%) dee(_a+‘%>

NCE=DLInt (-2

4+/—c
b (2 cz+b)2 (_ (2 C$+b>2 > 3 <§ (2 cw+b)2 )
f(2cz+b)b erf( A/ 7> 1) N dbee\ | Ee 4(2cz+b)°T| 2,521 e2e<_a+%26)

\/(2cz+b>2 _o} (—c)3 ((2cz+b)2) (—o}

16/ —c

input Lintegrate ((e*x+d) “2xsinh(c*x~2+b*x+a) ,x, algorithm="maxima")

3.28.  [(d+ ex)?sinh (a + bz + cz?) dz



output
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1/4*sqrt (pi)*d~2xerf (sqrt(-c)*x - 1/2*b/sqrt(-c))*e~(a - 1/4*b~2/c)/sqrt(-
c) - 1/4xsqrt(pi)*d~2xerf(sqrt(c)*x + 1/2%b/sqrt(c))*e~(-a + 1/4%b"2/c)/sq
rt(c) - 1/4*(sqrt(pi)*(2*c*x + b)*b*x(erf (1/2*sqrt(-(2*c*x + b)~"2/c)) - 1)/
(sqrt (-(2*%c*x + b)~2/c)*c”(3/2)) - 2xe~(1/4%(2*c*x + b)~2/c)/sqrt(c))*d*ex*
e~ (a - 1/4%b"2/c)/sqrt(c) + 1/16*%(sqrt(pi)*(2*c*xx + b)*b~2*(erf (1/2*sqrt(-
(2%c*x + b)72/c)) - 1)/(sqrt(-(2*cxx + b)~2/c)*c™(5/2)) - 4xbke” (1/4*(2%c*
X + b)72/c)/c~(3/2) - 4*(2xc*x + b) "3*gamma(3/2, -1/4*(2xc*x + b)~2/c)/((-
(2xcxx + b)"2/c)~(3/2)*c~(5/2)))*e"2xe~(a - 1/4*b"2/c)/sqrt(c) + 1/4*(sqrt
(pi)*(2xc*x + b)*b*(erf (1/2xsqrt((2*c*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~
2/c)*(-c)~(3/2)) + 2xc*e”(-1/4%(2xc*x + b)~2/c)/(-c)~(3/2)) *d*exe~(-a + 1/
4xb~2/c)/sqrt(-c) + 1/16*(sqrt(pi)*(2xc*x + b)*b~2*(erf (1/2*sqrt ((2*c*x +

b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(5/2)) + 4xbxcxe” (-1/4*(2xc*x +

b)~2/c)/(-c)~(56/2) - 4*(2xc*x + b) "3*xgamma(3/2, 1/4*(2xc*x + b)~2/c)/(((2*
c*x + b)72/¢c)"(3/2)*(-c)~(5/2)))*e"2%e~(-a + 1/4%b~2/c)/sqrt(-c)

3.28.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 227, normalized size of antiderivative = 0.87

/(d + ex)?sinh (a + bz + cz®) dz
b2

—4ac
\/77(402d2—4bcde+b262+2ce2)erf(—%\/E(Qm—i—%))e( ) 12 (ce?(22 + b) + dede — 2be2)e(—cx2—ba:—a)

= NG
16 ¢2
ﬁ(‘l c2d?—4 bede+b%e?—2 662) erf(_l \/jc<2 m+9>>6(_%%> 2
16 c2

input‘integrate((e*x+d)“2*sinh(c*x”2+b*x+a),x, algorithm="giac")

output

1/16*(sqrt (pi) * (4*%c™2*d"2 - 4*bxcxd*e + b~ 2%e”2 + 2xc*e”2)*erf (-1/2xsqrt(c
)*(2xx + b/c))*e”(1/4x(b~2 - 4*axc)/c)/sqrt(c) + 2x(c*e”2*(2+x + b/c) + 4x*
ckd*e — 2%b*e~2)*e”(-c*x"2 - b*x - a))/c”2 - 1/16x(sqrt(pi)*(4*xc~2%d"2 - 4
xbxcxd*e + b"2xe”2 - 2xc*e”2)xerf (-1/2*sqrt(-c)*(2*x + b/c))*e~(-1/4*(b"2
- 4x*axc)/c)/sqrt(-c) - 2*x(cxe™2x(2*xx + b/c) + 4*cxd*e - 2*bxe”2)*e” (c*x"2
+ bxx + a))/c"2

3.28.  [(d+ ex)?sinh (a + bz + cz?) dz
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3.28.9 Mupad [F(-1)]

Timed out.

/(d+ea:)2sinh (a+bz+cz?) dz = /sinh(cx2+bx+a) (d+ex)’ de

inputtint(sinh(a + bxx + c*x"2)*(d + e*x)”2,x)

output tint(sinh(a + b*x + c*x72)*x(d + e*xx)”2, x)

3.28.  [(d+ ex)?sinh (a + bz + cz?) dz
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3.29 [(d + ex)sinh (a + bz + cz?) dzx

3.29.1 Optimalresult . . . . . . .. . ... .. 195l
3.29.2 Mathematica [A] (verified) . . . . . . ... ... .. L Lo oL 195
3.29.3 Rubi [A] (verified) . . . . . ... .. 196
3.29.4 Maple [A] (verified) . . . ... . ... ... 198
3.29.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 198
3.29.6 Sympy [F] . . . . . . 199
3.29.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 1991
3.29.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 200
3.29.9 Mupad [F(-1)] . . . . o o 200

3.29.1 Optimal result

Integrand size = 17, antiderivative size = 128

2cd — be) —a+% e \/_erf b+2ca:
: 9 __ecosh (a + bz + cz?) ( <
/(d + ex) sinh (a + bz + cz?) dz = o - S
(2cd — be)e*~ \/_ erfi ( b+2°‘”>
+ 8c3/2

output(1/2*e*cosh(c*x‘2+b*x+a)/c-1/8*(—b*e+2*c*d)*exp(-a+1/4*b‘2/c)*erf(1/2*(2*0*
‘x+b)/c“(1/2))*Pi‘(1/2)/c‘(3/2)+1/8*(—b*e+2*c*d)*exp(a—1/4*b‘2/c)*erfi(1/2*
L(2*c*x+b)/c“(1/2))*Pi‘(1/2)/c‘(3/2)

~

3.29.2 Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.14

/(d + ex) sinh (a + bz + cz?) dz

4\/66 cosh(a + z(b+ cx)) + (2¢d — be)\/_erf<b+2“) (— cosh (a - Z—i) + sinh <a - %)) + (2cd — be)+/7
8¢c3/2

input Integrate[(d + e*x)*Sinh[a + b*x + c*x~2],x]

329.  [(d+ ex)sinh(a+ bz + cz?) dz
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output‘ (4xSqrt[c]*e*Cosh[a + x*(b + c*x)] + (2%c*d - bxe)*Sqrt[Pil*+Erf[(b + 2x*c*x
‘)/(2*Sqrt [c])]1*(-Cosh[a - b"2/(4*c)] + Sinh[a - b~2/(4%c)]) + (2%c*d - b*e
‘)*Sqrt [Pil*Erfi[(b + 2%c*x)/(2%Sqrt[c])]*(Cosh[a - b~2/(4*c)] + Sinh[a - b
‘ ~2/(4*c)]1))/ (8%c™(3/2))

3.29.3 Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.99,

number of steps used = 5, number of rules used = 5, number of rules _ 0.294, Rules used

integrand size
= {5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ez) sinh (a + bz + cz?) dz

lsmm
(2¢d — be) [ sinh (cz? + bz + a) dz L€ cosh (a + bz + cz?)
2c 2c
l 5897
Cm2 T+a —Cm2— r—a
(2cd — be) <%f€ oot df”_%fe b dm) ecosh (a + bz + cz?)
2c + 2c
l 2664
_ 1.a ~ (b+2(c:a:) _ —a (b+2(c:z)2
(2cd — be) <2 E fe : fe : ) e cosh (a+bx+cm2)
+
2c 2c
l 2633
b+2cx 2
(2¢cd — be) Ve Tf\j?( 2ye ) - *_“fe S5
e cosh (a + bx + ch)
_+_
2c 2c
l 2634

2

(ZCd— be) (\/”T’ea%cerﬁw’;rj%z) ﬁe%‘“erf@;r%)

1/c 1/c

) ecosh (a + bz + cz?)
+
2c 2c

329.  [(d+ ex)sinh(a+ bz + cz?) dz



input

output

rule 2633

rule 2634

rule 2664

rule 5897

rule 5905
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‘Int[(d + exx)*Sinh[a + b*x + c*x~2],x]

‘/(e*Cosh [a + bxx + c*x"2])/(2%c) + ((2*cxd - bxe)*(-1/4*%(E~(-a + b~2/(4*c))
‘ *Sqrt [Pi]*Erf [(b + 2*c*x)/(2*%Sqrtlc])])/Sqrtlc] + (E~(a - b~2/(4*c))*Sqrt(
‘ Pi]*Erfi[(b + 2%c*x)/(2*Sqrt[c])])/(4*Sqrt[cl)))/(2%c)

-

3.29.3.1 Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[bxLog[F], 2]1]/(2xd*Rt[b*Logl[F], 2]1)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Log[F], 211/(2*d*Rt[(-b)*LoglF], 21)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b2/
(4xc)) Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, xI]

/Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E”
(a + b*x + c*x72), x], x] - Simp[1/2 Int[E~(-a - b*x - c*x"2), x], x] /;
FreeQ[{a, b, c}, x]

‘Int[((d_-) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]
‘ :> Simp[e*(Cosh[a + b*x + c*x72]/(2%c)), x] - Simp[(b*e - 2%cxd)/(2%c) I
‘nt[Sinh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe -
‘2*c*d, 0]

ERI————.——.—.,

329.  [(d+ ex)sinh(a+ bz + cz?) dz
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3.29.4 Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.56

method | result
4ac—b2 2 4ac—b?
isch erf(\/aw-i-f\b/g)\/?»fde_ “Ic e—pe—a(ca+b) n e_“ebﬁe% erf<\/Ez+2—\b/E) erf(—\/—cx+2+/jc>\/7rde ‘T
T'1SC. — —
4,/c 4c 8ch 4v/—c

inputLint((e*x+d)*sinh(c*x“2+b*x+a),x,method=_RETURNVERBOSE)

output

1

-1/4*erf (c~(1/2)*x+1/2%b/c”(1/2)) /c~(1/2) *Pi~ (1/2) *d*exp (-1/4* (4*a*c-b~2)/
c)+1/4xexp(-a)*e/cxexp (-x* (c*x+b) ) +1/8%exp(-a) *exb/c~(3/2) *Pi~ (1/2) xexp(1/
4xb~2/c)*erf (c™(1/2)*x+1/2xb/c”(1/2) )-1/4*erf (- (-c) " (1/2) *x+1/2*b/ (-c)~(1/
2))/(=c)~(1/2)*Pi~ (1/2) *d*exp (1/4* (4*a*c-b~2) /c)+1/4xexp(a)*e/cxexp (x* (c*x
+b) ) +1/8*exp(a) *exb/c*Pi~(1/2) *exp(-1/4*b~2/c)/(-c)~(1/2)*erf (-(-c)~(1/2) *
x+1/2%b/(-c)~(1/2))

3.29.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 413 vs. 2(100) = 200.

Time = 0.25 (sec) , antiderivative size = 413, normalized size of antiderivative = 3.23

/(d + ex) sinh (a + bz + cz®) dz

2 ce cosh (cz? + bz + a)” + 4 ce cosh (cz? + bz + a) sinh (cz? + bz + a) + 2 cesinh (cz? + bz + a)’ — \/7_7(

inputLintegrate((e*x+d)*sinh(c*x“2+b*x+a),x, algorithm="fricas")

329.  [(d+ ex)sinh(a+ bz + cz?) dz
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output

1/8% (2*%ckexcosh(c*x™2 + b*x + a)”2 + 4xcke*xcosh(c*x™2 + b*x + a)*sinh(c*x”
2 + b*x + a) + 2xc*e*sinh(c*x™2 + b*x + a)~2 - sqrt(pi)*((2*cxd - b*e)*cos
h(c*x"2 + b*x + a)*cosh(-1/4*x(b~2 - 4*a*c)/c) + (2*c*d - bxe)*cosh(c*x"2 +
bxx + a)*sinh(-1/4%(b"2 - 4*axc)/c) + ((2*c*d - b*e)*cosh(-1/4*(b"2 - 4x*a
*c)/c) + (2*%cxd - bxe)*sinh(-1/4%(b"2 - 4*a*c)/c))*sinh(c*x"2 + bxx + a))*
sqrt (-c)xerf (1/2*(2xc*x + b)*sqrt(-c)/c) - sqrt(pi)*((2*c*d - bxe)*cosh(c*
X"2 + b*x + a)*cosh(-1/4x(b"2 - 4*axc)/c) - (2*c*d - b*e)*cosh(c*x™2 + b*x
+ a)*sinh(-1/4%(b~2 - 4xaxc)/c) + ((2*xc*d - b*e)*cosh(-1/4*(b~2 - 4*axc)/
c) - (2%c*d - bxe)*sinh(-1/4*(b"2 - 4*a*c)/c))*sinh(c*x"2 + b*x + a))*sqrt
(c)*erf (1/2%(2*%c*x + b)/sqrt(c)) + 2%c*e)/(c"2*cosh(c*x"2 + b*x + a) + c”2
*sinh(c*x”2 + b*x + a))

-

3.29.6 Sympy [F]

/(d + ez) sinh (a + bz + cz?) dz = / (d + ex) sinh (a + bz + cz?) dx

input Lintegrate ((e*x+d) *sinh (cxx**2+b*x+a) ,x)

outputt

\ >

Integral((d + e*x)*sinh(a + b*x + c*x**2), x)

3.29.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 254 vs. 2(100) = 200.

Time = 0.28 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.98

/(d + ex)sinh (a + bx + cz®) dz

vrdert (V=ez - 5= 5)  rdert (Vez+5%) o(-oti2)
N W - ive
(T () ey
VA= Ve
8+/c
ﬁ(2cx+b)b(erf<% \/@)_1> + 206(—%)

\/(2 czc+b)2 (—C)% (—C)%

8v—c

ee<_a+%>

_+_

329.  [(d+ ex)sinh(a+ bz + cz?) dz
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input‘integrate((e*x+d)*sinh(c*x”2+b*x+a),x, algorithm="maxima")

output | 1/4*sqrt (pi)*d*erf (sqrt(-c)*x - 1/2xb/sqrt(-c))*e”~(a - 1/4%¥b~2/c)/sqrt(-c)
- 1/4xsqrt(pi) *d*erf (sqrt(c)*x + 1/2%b/sqrt(c))*e~(-a + 1/4xb~2/c)/sqrt(c
) - 1/8x(sqrt(pi)*(2*c*x + b)*b*(erf (1/2*sqrt(-(2*c*x + b)~2/c)) - 1)/(sqr
t(-(2%c*x + b)~"2/c)*c”(3/2)) - 2xe~(1/4x(2xc*x + b)~2/c)/sqrt(c))*exe”(a -
1/4xb~2/c) /sqrt(c) + 1/8*(sqrt(pi)*(2*cxx + b)*b*(erf (1/2*sqrt((2*c*x + b
)72/c)) - 1)/(sqrt((2*cxx + b)~2/c)*(-c)~(3/2)) + 2%cxe”(-1/4%(2*c*x + b)~
2/c)/(-c)~(3/2))*e*xe~(-a + 1/4%b"~2/c)/sqrt(-c)

3.29.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.09

b2—dac

/(2 cd—be) erf(—l \/E<2:c+g))e<T)

2

/(d + ex)sinh (a + br + cz?) dz = ve

+ 2ee (—ca:2—bm—a)

8c
V(2 cd—be) erf(_%\/fc(gﬂg))e(*”zﬁ%)

_ (c:z:2 +bz+a)
T 2ee

8¢

p
inputLintegrate((e*x+d)*sinh(c*x“2+b*x+a),x, algorithm="giac")

output‘1/8*(sqrt(pi)*(2*c*d - bxe)*erf(-1/2*sqrt(c)*(2*x + b/c))*e”(1/4*(b"2 - 4x
‘a*c)/c)/sqrt(c) + 2%exe” (-c*x"2 - b*x - a))/c - 1/8x(sqrt(pi)*(2*c*d - bxe
‘)*erf(—1/2*sqrt(—c)*(2*x + b/c))*e”(-1/4%(b"2 - 4xa*c)/c)/sqrt(-c) - 2xexe
“(ckx™2 + bAx + a))/c

3.29.9 Mupad [F(-1)]

Timed out.

/(d—|—ex)sinh (a+ bz +cz?) do = /sinh(cw2+bx+a) (d+ezx) dx

;
input int(sinh(a + b*x + c*x”2)*(d + e*x),x)

N

output Lint(sinh(a + bkx + ckx"2)*(d + e*x), x)

329.  [(d+ ex)sinh(a+ bz + cz?) dz
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: 2
3.30 f smh(czlilzz—kca: ) da

3.30.1 Optimalresult . . . . ... . . ... . .
3.30.2 Mathematica [N/A] . . . . . . . . .
3.30.3 Rubi [N/A] « . o oot oo e
3.30.4 Maple [N/A] (verified) . . . . . . ... ..
3.30.5 Fricas [N/A] . . . . .
3.30.6 Sympy [N/A] . . . o
3.30.7 Maxima [N/A] . . . . . ..
3.30.8 Giac [N/A] . . . . . o
3.30.9 Mupad [N/A] . . . .

3.30.1 Optimal result

Integrand size = 19, antiderivative size = 19

. 2 : 2
/smh(a+bx+cx)dx:Int<s1nh(a+bz+cx) x)
d+ex d+ex

output LUnintegrable (sinh(c*x"2+b*x+a)/ (exx+d) ,x)

3.30.2 Mathematica [N/A]

Not integrable

Time = 3.10 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/ sinh (a + bz + cz?) / sinh (a + bz + cx?)
dr =
d+ex d+ex

input Integrate[Sinh[a + b*x + c*x~2]/(d + e*x),x]

N\

Output‘ Integrate[Sinh[a + b*x + c*x"2]/(d + e*x), x]

san, [ g
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3.30.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {5915}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ sinh (a + bx + cx2)
d+ex

l 5915

/ sinh (a + bx + c:cz)

d+ex dz

inputLInt [Sinh[a + b*x + c*x~2]/(d + e*x),x]

-

output L$Aborted

~—/

3.30.3.1 Defintions of rubi rules used

rule 5915 Int[((d_.) + (e_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x)) + (c_)*(x)"2], x_S
‘ymbol] :> Unintegrable[(d + e*x) m*Sinh[a + b*x + c*x~2], x] /; FreeQ[{a, b
, ¢, d, e, m}, x]

3.30.4 Maple [N/A] (verified)

Not integrable

Time = 0.42 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ sinh (cz? + bz + a)
er+d

dz

input ‘ int (sinh(c*x~2+b*x+a) / (e*x+d) ,x)

output Lint (sinh(c*x"2+bxx+a)/ (e*x+d) ,x)

san, [ g
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3.30.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dx

/ sinh (a + bz + cz?) / sinh (cz? + bz + a)
dz =
d+ex er+d

inputLintegrate(sinh(c*x“2+b*x+a)/(e*x+d),x, algorithm="fricas")

outputtintegral(sinh(c*x‘2 + bxx + a)/(exx + d), x)

3.30.6 Sympy [N/A]
Not integrable

Time = 0.51 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

dz

/ sinh (a + bz + cx?) / sinh (a + bz + cz?)
dr =
d+ex d+ex

p
inputtintegrate(sinh(c*x**2+b*x+a)/(e*X+d),X)

e—

-

output LIntegral(sinh(a + bx + c*xx**2)/(d + e*x), x)

-/

3.30.7 Maxima [N/A]

Not integrable

Time = 0.67 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/ sinh (a + bz + cx?) / sinh (cz? + bx + a)
dr =
d+ex exr +d

inputLintegrate(sinh(c*x“2+b*x+a)/(e*x+d),x, algorithm="maxima")

-/

output Lintegrate(sinh(c*x? + bxx + a)/(exx + d), x)

san, [ g
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3.30.8 Giac [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dx

/ sinh (a + bz + cz?) / sinh (cz? + bz + a)
dz =
d+ex er+d

inputLintegrate(sinh(c*x“2+b*x+a)/(e*x+d),x, algorithm="giac")

outputtintegrate(sinh(c*x‘2 + bxx + a)/(exx + d), x)

3.30.9 Mupad [N/A]
Not integrable

Time = 1.14 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/ sinh (a + bz + cx?) / sinh(cz? +bz + a)
dr =
d+ex d+ezx

p
input tint(sinh(a + bxx + c*xx72)/(d + e*xx),x)

e—

-

output Lint(sin.h(a + bxx + c*xx72)/(d + e*xx), x)

-/

san, [ g
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3.31 [(d + ex)*sinh? (a + bz + cz?) dx

3.31.1 Optimalresult . . . . .. ... ... .. 205
3.31.2 Mathematica [A] (verified) . . . . . . . ... ..o
3.31.3 Rubi [A] (verified) . . . .. . ... ...
3.31.4 Maple [B] (verified) . . . . ... .. ... 207
3.31.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 208
3.31.6 Sympy [F] . . . . . 209
3.31.7 Maxima [B] (verification not implemented) . . . . . . .. ... .. ... ... 2101
3.31.8 Giac [A] (verification not implemented) . . . . .. ... ... ... ...... 211
3.31.9 Mupad [F(-1)] . . . . o o 211

3.31.1 Optimal result

Integrand size = 21, antiderivative size = 311

(d + ex)? + o—2a+b \/_erf<b+2cm)

/(d + ex)?sinh® (a + bz + cz?) dz = —

6e 32¢3/2
(2cd — be)2e2" 5 \/_ erf <b+2“”>
* 32c5/2
o220 b /Terfi <b+2cx>
32¢3/2
(2Cd be 2p2a— \/_erﬁ <b+2cx)
+ 32c5/2
e(2cd — be) sinh (2a + 2bx + 2cx?)
+
16¢?
N e(d + ex) sinh (2a + 2bzx + 2cx?)
8c

-1/6%(exx+d) “3/e+1/16%e* (~bxe+2*c*d) *sinh (2%c*x~2+2*b*x+2%a) /c~2+1/8*e* (ex*
x+d) *sinh (2%c*x"2+2xbxx+2%a) /c+1/64%e”2xexp (-2*a+1/2%b~2/c) xerf (1/2* (2*c*x
+b)*27(1/2) /c~(1/2))*27(1/2)*Pi~ (1/2) /c~ (3/2) +1/64* (-bxe+2*c*d) ~2*exp (-2*a
+1/2xb~2/c) *erf (1/2x (2*xcxx+b) *2~(1/2) /c~(1/2))*2~(1/2)*Pi~(1/2) /c~(5/2)-1/
64*xe~2*xexp (2*xa-1/2%b"2/c) *erfi (1/2* (2*c*x+b)*2~(1/2) /c~(1/2))*2~(1/2) *Pi~(
1/2) /c™(3/2) +1/64* (-b*e+2*c*d) ~2*exp(2*a-1/2*¥b~2/c) *erfi (1/2* (2kc*xx+b) *2~(
1/2)/c~(1/2))*27(1/2)*Pi~(1/2)/c~(5/2)

3.31.  [(d+ ex)?sinh® (a + bz + cz?) dx
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3.31.2 Mathematica [A] (verified)

Time = 0.95 (sec) , antiderivative size = 240, normalized size of antiderivative = 0.77

/(d + ex)?sinh® (a + bz + c2?) dz

3(4c%d? + b%e? + ce(—4bd + €)) Jﬁerf(lj;“) <cosh <2a — g—i) — sinh <2a — %)) + 3(4c2d? + v?e* — ¢

[

<

e

inputLIntegrate[(d + e*x) 2*Sinh[a + b*x + c*x~2]72,x]

~—

output | (3% (4*c~2+%d"2 + b~2%e”2 + c*e*(-4*b*d + e))*Sqrt[2*xPi]l*Erf[(b + 2*c*x)/(Sq
rt[2]*Sqrt [c])]I*(Cosh[2*a - b~2/(2*c)] - Sinh[2¥a - b~2/(2*c)]) + 3*(4*c~2
*d"2 + b"2xe”"2 - cxex(4xbxd + e))*Sqrt[2*Pil*Erfil[(b + 2*c*x)/(Sqrt[2]*Sqr
tlc])]*(Cosh[2*a - b~2/(2%c)] + Sinh[2*%a - b~2/(2%c)]) - 4*Sqrt[c]*(8xc~2*
x*(3*d"2 + 3xd*e*xx + e72%x"2) - 3%e*x(4*c*d - b*e + 2%ckexx)*Sinh[2x(a + x*

(b + c*x))1))/(192*%c™(5/2))

3.31.3 Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 311, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 495 Ryles used

integrand size
= {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ez)?sinh? (a + bz + cz?) dz
| 5917
1 2 2y 1 2
i(d + ex)” cosh (2a + 2bz + 2cz”) — i(d +ex)® | dx

l 2009

3.31.  [(d+ ex)?sinh® (a + bz + cz?) dx
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2 2 2
\/ge%_m@cd - be)%rf(%) . \/ge%_%@cd — be)%rﬁ(%) s \/geZegi_Qaerf<%2\‘;§>

32c5/2 ) 32¢c5/2 32¢3/2
- _?
V5l erﬁ(%ﬁ%) N e(2cd — be) sinh (2a + 2bz + 2cz?) 4
32¢3/2 16¢2
e(d + ex)sinh (2a + 2bz + 2c2?)  (d + ex)?
8c 6e

e

inputLInt[(d + exx)"2+Sinh[a + b*x + c*x~2]"2,x]

p J

output | -1/6*(d + e*x)~3/e + (e"2+E~(-2*a + b~2/(2xc))*Sqrt [Pi/2]1*Erf[(b + 2*c*x)/
(Sqrt[2]1*Sqrt[c]1)1)/(32%c~(3/2)) + ((2%cxd - b*e) "2+4E~(-2*xa + b~2/(2%c))*S
qrt [Pi/2]*Erf [(b + 2%c*x)/(Sqrt[2]*Sqrt[c])])/(32%c~(5/2)) - (e"2*E~(2*a -
b~2/(2*c) ) *Sqrt [Pi/2]*Erfi[(b + 2%c*x)/(Sqrt[2]*Sqrtlc])])/(32xc~(3/2)) +
((2%c*d - bxe) "2%E~(2*a - b~2/(2%c))*Sqrt [Pi/2]*Erfi[(b + 2*c*x)/(Sqrt[2]
*Sqrt[c])])/(32xc~(5/2)) + (ex(2*cxd - bxe)*Sinh[2%a + 2*bxx + 2xc*x~2])/(
16%c”2) + (ex(d + e*x)*Sinh[2*a + 2¥b*x + 2*c*x~2])/(8*c)

3.31.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 5917‘Int[((d_.) + (e_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)
, X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)”"m, Sinh[a + b*x + c*x"2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[n, 1]

N J

-

3.31.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 527 vs. 2(253) = 506.

Time = 0.90 (sec) , antiderivative size = 528, normalized size of antiderivative = 1.70

method | result

_ 4ac—b> ﬁ
risch 2z 2B I erf (ﬂﬁw+%>ﬁﬁd2€ 2c _ e—2062g g—2(ca+b) 4 o—2a2p g—2(ca+b) e"20¢?b?\/Te2e -
2 6 16\/6 16¢ 32¢2

-

input Lint ((exx+d) "2*sinh (c*x~2+b*x+a) ~2,x,method=_RETURNVERBOSE)

~—

3.31.  [(d+ ex)?sinh® (a + bz + cz?) dx
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-1/2*%d"2%x-1/6%e~2%x"3+1/16*erf (27 (1/2) *c~ (1/2) *x+1/2%b*2~(1/2) /c~(1/2)) /c
~(1/2)*27(1/2)*Pi~ (1/2) *d"2*exp (-1/2* (4xaxc-b"2) /c)-1/16%exp(-2*a) *e~2/c*x
*xexp (—2*x* (c*x+b) ) +1/32*exp (-2%a) ¥e~2*b/c~2*exp (-2*x* (c*x+b) ) +1/64*exp (-2%
a)*e~2xb~2/c~(5/2)*Pi~ (1/2) *exp(1/2¥b~2/c) *27 (1/2) *erf (27 (1/2) *c~ (1/2) *x+1
/2%bx2~(1/2) /c~(1/2))+1/64*exp(-2*a) *e~2/c~(3/2) *Pi~ (1/2) *exp(1/2*b~2/c) *2
~(1/2)*xerf (27 (1/2)*c~ (1/2) *x+1/2xbx2~(1/2) /c~(1/2) ) -1/8*exp(-2*a) *d*e/c*ex
p(—2*x* (c*x+b))-1/16%exp (-2*a) *d*e*b/c” (3/2) *Pi~ (1/2) *exp(1/2%b~2/c)*2~ (1/
2)xerf (27 (1/2) *c™(1/2) *x+1/2%b%27 (1/2) /c~(1/2) ) -1/8%erf (- (-2%c) ~ (1/2) *x+b/
(-2%c)~(1/2))/(-2xc) = (1/2)*Pi~ (1/2) *d~2*exp (1/2* (4xaxc-b~2) /c) +1/16*exp (2%
a)*e~2/c*x*exp (2xx* (c*x+b) ) -1/32%exp (2*a) *e~2%b/c”~2*exp (2*x* (ckx+b) ) -1/32%
exp(2*a) *e~2*b~2/c 2*Pi~ (1/2) *exp(-1/2*%b~2/c) / (-2*c) ~ (1/2) *erf (- (-2*c) ~(1/
2) *x+b/ (-2%c) ~(1/2) )+1/32*exp (2*a) *e~2/c*xPi~ (1/2) *exp(-1/2xb~2/c) / (-2*c) ~ (
1/2)xerf (- (-2*c) " (1/2) *x+b/ (-2*c) ~(1/2) ) +1/8*exp (2*a) *d*e/c*exp (2*x* (c*x+b
))+1/8%exp(2*a) *d*e*b/c*Pi~ (1/2) *exp(-1/2*¥b~2/c) / (-2*c) ~(1/2) *erf (- (-2%c) "~
(1/2) *x+b/ (-2%c) ~(1/2) ) -1/2%d*e*x"2

3.31.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1142 vs. 2(253) = 506.

Time = 0.27 (sec) , antiderivative size = 1142, normalized size of antiderivative = 3.67

/ (d + ex)? sinh? (a + bz + cz®) dz = Too large to display

p
Lintegrate((e*x+d)“2*sinh(c*x“2+b*x+a)“2,x, algorithm="fricas")

~—

3.31.  [(d+ ex)?sinh® (a + bz + cz?) dx



output
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-1/192% (12*%c™2%e~2%x — 6% (2%c~2%e~2%x + 4*xc~2xd*e — b*ck*e~2)*cosh(c*x~2 +

b*x + a)~4 - 24*%(2xc"2*e”2*x + 4xc”2xd*e - bkc*xe"2)*cosh(cxx™2 + b*x + a)x*
sinh(c*x"2 + bxx + a)~3 - 6x(2*%c™2xe”2*x + 4*c~2*d*e - b*cxe”2)*sinh(c*x"2
+ b*x + a)”4 + 24xc”2+d*e - 6*bkcke”2 + 3*sqrt(2)*sqrt(pi)*((4*c™2xd"2 -
4xbkxc*d*e + (b™2 - c)*e”2)*cosh(c*x”™2 + b*x + a) 2xcosh(-1/2*(b"2 - 4*a*c)
/c) + (4xc™2xd"2 - 4xb*cxd*e + (b2 - c)*e"2)*cosh(c*x”"2 + b*x + a)~2*sinh
(-1/2%(b"2 - 4xa*xc)/c) + ((4*xc”2+%d"2 - 4xbkc*d*xe + (b~2 - c)*e”2)*cosh(-1/
2x(b~2 - 4*axc)/c) + (4xc”™2xd"2 - 4xb*ckdxe + (b2 - c)*e"2)*sinh(-1/2*(b~
2 - 4xa*xc)/c))*sinh(c*x”2 + bxx + a)”2 + 2x((4*c™2*d"2 - 4xbxc*d*e + (b~2
- c)*e"2)*cosh(c*x"2 + b*x + a)*cosh(-1/2x(b"2 - 4*a*c)/c) + (4xc™2xd"2 -
4xbxckdre + (b™2 - c)*e”2)*cosh(c*x™2 + b*x + a)*sinh(-1/2*(b~2 - 4*axc)/c
))*sinh(c*x"2 + b*x + a))*sqrt(-c)x*erf (1/2*sqrt(2)*(2*c*x + b)*sqrt(-c)/c)
- 3*sqrt(2)*sqrt (pi)*((4*c~2*d"2 - 4*bxc*d*e + (b~2 + c)*e”2)*cosh(c*x"2
+ bxx + a)~2*cosh(-1/2*%(b"2 - 4*a*c)/c) - (4*c™2xd"2 - 4xb*cxdxe + (b"2 +
c)*e”2)*cosh(c*x™2 + b*x + a) 2*sinh(-1/2*(b"2 - 4*a*c)/c) + ((4*c™2xd"2 -
4xbxcxd*e + (b2 + c)*e”2)*cosh(-1/2*x(b"2 - 4*ax*xc)/c) - (4*c™2xd"2 - 4x*b*
cxd*e + (b”2 + c)*e"2)*sinh(-1/2*%(b"2 - 4xa*c)/c))*sinh(c*x~2 + b*x + a)~2
+ 2% ((4%c™2%d"2 - 4xbxcxd*e + (b2 + c)*e”2)*cosh(c*x™2 + b*x + a)*cosh(-
1/2% (b2 - 4*a*xc)/c) - (4%c™2*d"2 - 4xb*cxd*e + (b"2 + c)*e~2)*cosh(c*x"2
+ b*x + a)*sinh(-1/2%(b"2 - 4%a*c)/c))*sinh(c*x72 + b*x + a))*sqrt(c)*e...

-

3.31.6 Sympy [F]

/(d + ex)?sinh® (a + bz + cz?) dz = / (d + ex)?sinh? (a + bz + ca?) dx

inputLintegrate((e*x+d)**2*sinh(c*x**2+b*x+a)**2,x)

output

N

-/

Integral((d + e*x)**2xsinh(a + b*x + c*x*k*2)**2, x)

_

3.31.  [(d+ ex)?sinh® (a + bz + cz?) dx
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3.31.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 601 vs. 2(253) = 506.

Time = 0.46 (sec) , antiderivative size = 601, normalized size of antiderivative = 1.93
/(d + ez)?sinh® (a + bz + c2?) dz

| (VavEat (vVay=er - p2) o) vaymat (Vayar + 32 el 2et)

- _ 2
16 J—c + 7 8z |d
\/ﬁ ﬁ(?cx—}-b)b(erf(\/g\/—%)—l) B \/§e<%) e(za_;ﬁc) \/E \/77(2cz+b)b<erf<\/g\/
\/_ @ce+b)? 3 Ve \/(2 coth)?
- |8z + - + i
16 /e

3\/§<ﬁ(2m+b)b2(erf(\@\/(27:b>2)1> B Zﬁbe(%> B 2(2cw+b)311(37(2m;crb)2)>e<2a
3

3 3
\/_ (2cm+b)20% c2 _(2ca+b)2\2 5
c T c

32z° —

192 Ve

inputLintegrate((e*x+d)‘2*sinh(c*x‘2+b*x+a)‘2,x, algorithm="maxima") J

e N

output | 1/16#*(sqrt (2)*sqrt (pi) *erf (sqrt (2)*sqrt(-c)*x - 1/2*sqrt(2)*b/sqrt(-c))*e”
(2%a - 1/2%b"2/c)/sqrt(-c) + sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x + 1/2%
sqrt (2)*b/sqrt(c))*e” (-2*a + 1/2%b"2/c)/sqrt(c) - 8*x)*d"2 - 1/16*(8*x~2 +
sqrt (2) *(sqrt (pi)*(2*c*x + b)*b*(erf (sqrt(1/2)*sqrt(-(2xc*x + b)~2/c)) -
1)/ (sqrt (-(2*c*x + b)~2/c)*c~(3/2)) - sqrt(2)*e”(1/2*(2*c*x + b)~2/c)/sqrt
(c))*e~(2*%a - 1/2*b~2/c)/sqrt(c) + sqrt(2)*(sqrt(pi)*(2*cxx + b)*b*(erf(sq
rt(1/2)*sqrt ((2*cxx + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(3/2)) + s
qrt (2) *c*e” (-1/2%(2*c*x + b)~2/c)/(-c)~(3/2))*e~(-2*a + 1/2*b~2/c) /sqrt(-c
))*d*xe - 1/192%(32*x"3 - 3*sqrt(2)*(sqrt(pi)*(2*c*x + b)*b~2*(erf (sqrt(1/2
Y*¥sqrt (-(2xc*x + b)~2/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(5/2)) - 2*sqrt(2
)*¥b*xe” (1/2% (2%c*xx + b)~2/c)/c”™(3/2) - 2*(2*c*x + b) “3*gamma(3/2, -1/2*(2*c
*x + b)"2/c)/((-(2xcxx + b)~2/c)~(3/2)*c~(5/2)))*e~(2*a - 1/2*b~2/c)/sqrt(
c) + 3*sqrt(2)*(sqrt(pi)*(2*c*x + b)*b~2x*(erf (sqrt(1/2)*sqrt ((2xc*x + b) "2
/c)) = 1)/(sqrt((2*%c*x + b)~2/c)*(-c)~(5/2)) + 2*sqrt(2)*b*cke”(-1/2%(2%cx*
X + b)"2/c)/(-c)"(56/2) - 2*%(2xc*x + b) " 3*gamma(3/2, 1/2%(2xc*x + b)~2/c)/(
((2xcxx + b)~2/c)~(3/2)*(-c)~(5/2)))*e~(-2*a + 1/2*b~2/c) /sqrt(-c))*e"2

3.31.  [(d+ ex)?sinh® (a + bz + cz?) dx
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3.31.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 263, normalized size of antiderivative = 0.85

/(d + ex)?sinh® (a + bz + c2?) dz = —% er® — %deac2 — %d%
\/ﬁﬁ(4c2dz—4bcde+bze2+cez) erf(—l \/5\/E<2m+9>>e<i_2%) o2 op
N - +2(ce?(2z + ) + 4 cde — 2be?)e(~2ex’ ~2ba—2a)
64 c2
V2w (4 c2d?—4 bede+b%e? —ce?) erf(—l ﬁﬁ@ x+9))e<_%> )
T~ : —2(ce?(2z + ) + 4 cde — 2 be?)e(2e* +2bw+20)
64 c2
inputLintegrate((e*x+d)“2*sinh(c*x‘2+b*x+a)‘2,x, algorithm="giac") J

output | -1/6*e"2*x~3 - 1/2xd*exx"2 - 1/2xd"2xx - 1/64*(sqrt(2)*sqrt(pi)*(4*xc~2xd"2
- 4xbkxckd*e + b"2*e”2 + cxe”2)*erf (-1/2*xsqrt(2)*sqrt(c)*(2*x + b/c))*e” (1
/2%(b"2 - 4xaxc)/c)/sqrt(c) + 2*(cxe”2%(2*x + b/c) + 4*ckxdxe — 2*bxe~2)*e”
(-2%c*x™2 - 2%bxx - 2#a))/c”™2 - 1/64*(sqrt(2)*sqrt(pi)*(4*c~2*%d"2 - 4x*b*c*
d*e + b"2xe”2 - cxe”2)*erf(-1/2xsqrt(2)*sqrt(-c)*(2*x + b/c))*e”(-1/2*(b"2
- 4*axc)/c)/sqrt(-c) - 2x(cxe”2x(2*xx + b/c) + 4*cxd*e - 2*b*xe”2)*e” (2*c*x
~2 + 2%b¥x + 2%a))/c"2

3.31.9 Mupad [F(-1)]

Timed out.

/(d—i—ealc)Q’sinh2 (a+bz+cz?) do = /sinh(cac2 +bx+a)2(d+ez)2dz

inputtint(sinh(a + bxx + c*x"2)"2x(d + e*x)"2,x) J

—

outputtint(sinh(a + b*x + c*xx"2)72%(d + e*x)"2, x)

3.31.  [(d+ ex)?sinh® (a + bz + cz?) dx



CHAPTER 3. LISTING OF INTEGRALS 212

3.32 [(d + ex) sinh? (a + bz + cx?) dx

3.32.1 Optimalresult . . . . . . .. . ... 212
3.32.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL
3.32.3 Rubi [A] (verified) . . . . . ... .. 213
3.32.4 Maple [A] (verified) . . . . ... . . ... 214
3.32.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... . 214
3.32.6 Sympy [F] . . . . . 215
3.32.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 276l
3.32.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 216
3.32.9 Mupad [F(-1)] . . . . o o 217

3.32.1 Optimal result

Integrand size = 19, antiderivative size = 160

(A4 exy  (2ed—bee s+ Tert(222)
4e + 16¢3/2

(2cd — be)e \/_ erfi <b+2m>
+ 16¢3/2

esinh (2a + 2bz + 2cz?)
+ 8c

/(d + ez) sinh® (a + bz + cz?) dz = —

output‘—1/4*(e*x+d)‘2/e+1/8*e*sinh(2*c*x*2+2*b*x+2*a)/C+1/32*(‘b*e+2*c*d)*exp(_2*
|a+1/2%b"2/c)*erf (1/2% (2xc¥x+b) 2™ (1/2) /™ (1/2)) %2 (1/2)¥Pi~(1/2) /™ (3/2) +1
| /32 (-bre+2xc*d) xexp(2¥a-1/2¥b~2/c) *erfi (1/2% (2kcxx+b)¥2~ (1/2) /¢~ (1/2))*2"
(1/2)*Pi~(1/2)/c™(3/2) J

3.32.2 Mathematica [A] (verified)

Time = 0.47 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.11

/(d + ex) sinh® (a + bz + cz?) dz
(2cd be)\/ﬁerf(b”“) (cosh <2a — g}) — sinh <2a — 2—)) (2cd — be)ﬁerﬁ(b"'zc‘b‘) <cosh <2a -

32¢3/2

3.32.  [(d+ex)sinh®(a + bz + cx?) dz
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input‘ Integrate[(d + exx)*Sinh[a + b*x + c*x72]72,x] ‘

p
output ‘ ((2xcxd - bxe)*Sqrt [2*¥Pi]l*Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a - b

input

output

"‘2/(2*c)] - Sinh[2*a - b"2/(2%c)]) + (2%c*d - bxe)*Sqrt [2#Pi]*+Erfil[(b + 2*
‘c*x)/(Sqrt [2]*Sqrt [c])]*(Cosh[2*a - b~2/(2*c)] + Sinh[2*a - b~2/(2*c)]) +
L4*Sqrt [cl*(-2*c*x*(2%d + e*x) + exSinh[2*(a + x*(b + c*x))]))/(32%c”~(3/2))

|

3.32.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.00,
— _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.105, Rules used

= {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ez) sinh? (a + bz + c2?) dz

| 5917
1 o1
§(d + ex) cosh (2a + 2bz + 2cz?) + 5(—d —ex) | dz
| 2009
\/fe%_m@cd - be)erf(b"'z‘””) ﬁe%_g (2cd — be)erﬁ(b"'?c“’) ; 2
2 VoW N 2 NN +es1nh(2a+2bx+2cx) B
16¢3/2 16¢3/2 8c
(d + ex)?
4e
LInt [(d + e*x)*Sinh[a + b*x + c*x~2]"2,x] J

e B

-1/4%(d + exx)~"2/e + ((2%c*d - bxe)*E~(-2%a + b~2/(2xc))*Sqrt [Pi/2]*Erf [(b
‘ + 2xc*xx)/(Sqrt [21*Sqrt [c]1)]1)/(16%c~(3/2)) + ((2*c*d - bxe)*E~(2*a - b~2/(
‘ 2xc) ) *Sqrt [Pi/2]*Erfi[(b + 2*c*x)/(Sqrt[2]1*Sqrtlcl)])/(16xc~(3/2)) + (exSi
th[2*a + 2%bxx + 2xcxx~2])/(8xc)

~

3.32.  [(d+ex)sinh®(a + bz + cx?) dz
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3.32.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk35917‘Int[((d_.) + (e_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)
, X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x~2]"n, x
1, x]1 /; FreeQl{a, b, c, d, e, n}, x] & IGtQ[n, 1] |

3.32.4 Maple [A] (verified)

Time = 0.72 (sec) , antiderivative size = 231, normalized size of antiderivative = 1.44

method | result

_4ac—b2 ﬁ
riSCh _ﬁ _ dx erf(ﬁﬁx+%)\/§ﬁde 2e . e—2a¢g g—2z(cz+b) . e_2“ebﬁe2cﬁerf(ﬁ\/5x+g—£) _ if(
4 2 16v/c 16¢ 320%

input | int ((e*x+d) *sinh(c*x~2+b*x+a) ~2,x,method=_RETURNVERBOSE)

N\ J

output | -1/4*e*x~2-1/2*d*x+1/16%erf (27 (1/2) *c~ (1/2) *x+1/2*b*2~(1/2) /c~(1/2)) /c~(1/
2)*27(1/2)*#Pi~ (1/2) *d*exp (-1/2* (4*axc-b~2) /c) -1/16xexp (-2*a) *e/c*xexp (-2xx*
(c*x+b) ) -1/32xexp (-2%a) *e*b/c” (3/2) *Pi~ (1/2) *exp(1/2x¥b~2/c) ¥2~ (1/2) *erf (2~
(1/2)*xc™(1/2) *x+1/2*%b%2~(1/2) /c~(1/2) ) -1/8*erf (- (-2%c) " (1/2) *x+b/ (-2*c) ~ (1
/2))/(-2xc)~(1/2)*Pi~ (1/2) *d*exp (1/2* (4*axc-b~2) /c)+1/16*exp(2*a) *e/c*exp(
2xx* (cxx+b) ) +1/16*exp (2*a) *e*b/cxPi~ (1/2) *exp(-1/2*¥b~2/c) / (-2*c) " (1/2) *erf
(=(-2%c)~(1/2) *x+b/ (-2%c) " (1/2))

3.32.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 777 vs. 2(130) = 260.

Time = 0.27 (sec) , antiderivative size = 777, normalized size of antiderivative = 4.86

/(d + ex) sinh® (a + bz + cz?) dz

2 ce cosh (cz? + bz + a)* + 8 ce cosh (cz? + bz + a) sinh (cz? + bz + a)°® + 2 cesinh (cz? + bz + a)* — V2

3.32.  [(d+ex)sinh®(a + bz + cx?) dz
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input‘integrate((e*x+d)*sinh(c*x“2+b*x+a)”2,x, algorithm="fricas")

output

input

output

1/32* (2*c*e*cosh(c*x"2 + b*x + a)~4 + 8*xckexcosh(c*x™2 + b*x + a)*sinh(c*x
2 + b*x + a)”3 + 2xc*e*xsinh(c*x"2 + b*x + a)~4 - sqrt(2)*sqrt(pi)*((2*c*d
- b*e)*cosh(c*x"2 + b*x + a)“~2%cosh(-1/2*x(b~2 - 4x*a*c)/c) + (2*c*d - bxe)
*cosh(c*x™2 + b*x + a)“ " 2*sinh(-1/2*(b~2 - 4x*a*c)/c) + ((2*c*d - b*e)*cosh(
-1/2%(b~2 - 4*axc)/c) + (2*c*d - bxe)*sinh(-1/2*%(b"2 - 4*a*c)/c))*sinh(c*x
2 + b*x + a)”2 + 2x((2*c*d - b*e)*cosh(c*x™2 + b*x + a)*cosh(-1/2x(b~2 -
4xaxc)/c) + (2xc*d - bxe)*cosh(c*x"2 + b*x + a)*sinh(-1/2%(b~2 - 4*ax*c)/c)
)*sinh(c*x”2 + b*x + a))*sqrt(-c)*erf (1/2xsqrt(2)*(2*cxx + b)*sqrt(-c)/c)
+ sqrt(2)*sqrt (pi)*((2xc*d - b*e)*cosh(c*x~2 + bxx + a) 2*cosh(-1/2*(b"2 -
4xaxc)/c) - (2kcxd - b*xe)*cosh(c*xx™2 + b*x + a) 2*sinh(-1/2*%(b~2 - 4*axc)
/c) + ((2xc*d - b*xe)*cosh(-1/2%(b"2 - 4*axc)/c) - (2%c*d - bxe)*sinh(-1/2%
(b™2 - 4xaxc)/c))*sinh(c*x"2 + b*x + a)~2 + 2*x((2*c*d - b*e)*cosh(c*xx"2 +
bxx + a)*cosh(-1/2%(b"2 - 4*xaxc)/c) - (2%c*d - b*e)*cosh(c*x"2 + b*x + a)*
sinh(-1/2*%(b"2 - 4xa*c)/c))*sinh(c*x™2 + b*x + a))*sqrt(c)*erf (1/2xsqrt(2)
*(2*c*x + b)/sqrt(c)) - 8*(c™2*xe*x"2 + 2xc”2xd*x)*cosh(c*x~2 + b*x + a)~2

- 4x(2%c™2*e*x"2 + 4*c”2*d*x — 3*ckxe*xcosh(c*x™2 + b*x + a) 2)*sinh(c*x™2 +
b*x + a)~2 - 2%c*e + 8*(cxe*cosh(c*x™2 + b*x + a)”~3 - 2*(c™2*e*xx™2 + 2*c~
2xd*x)*cosh(c*x™2 + b*x + a))*sinh(c*x"2 + b*x + a))/(c 2*cosh(c*x™2 + b*x
+ a)~2 + 2%c"2xcosh(c*x"2 + b*x + a)*sinh(c*x~2 + b*x + a) + c"2*sinh(c*x
“2 + b¥x + a)~2)

3.32.6 Sympy [F]

/(d + ex) sinh’ (a + bz + c2?) dz = / (d + ex)sinh? (a + bz + c2?) d

Lintegrate((e*x+d)*sinh(c*x**2+b*x+a)**2,x)

~—

;
Integral((d + e*x)*sinh(a + bkx + ckx**2)**2, x)

J

3.32.  [(d+ex)sinh®(a + bz + cx?) dz
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3.32.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 299 vs. 2(130) = 260.

Time = 0.37 (sec) , antiderivative size = 299, normalized size of antiderivative = 1.87

/(d + ex) sinh® (a + bz + cz?) dz

1 [ V2ymerf <\/§\/—_cx - %) 6(2(1_;%) V2y/ erf (\/ﬁ\/&c + %) e(—2a+§%)

=1 — + 7z -8z |d
/3 vaeerop(at(\B/-E=0) ) (5 ) vtz op (et (\/ 5
1 \/_ @ cz:—b)z o3 Ve \/(2 czc+b)2 (
_ 2
3 8x” + 7 +

~—

p
inputLintegrate((e*x+d)*sinh(c*x“2+b*x+a)‘2,x, algorithm="maxima")

output | 1/16* (sqrt(2) *sqrt (pi) *erf (sqrt (2) *sqrt(-c)*x - 1/2*sqrt(2)*b/sqrt(-c))*e”
(2%xa - 1/2%b~2/c)/sqrt(-c) + sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x + 1/2%
sqrt(2)*b/sqrt(c))*e”(-2*%a + 1/2%b"2/c)/sqrt(c) - 8*x)*d - 1/32%(8%x"2 + s
qrt(2) *(sqrt (pi) *(2xcxx + b)*b*(erf (sqrt(1/2)*sqrt(-(2*c*x + b)~2/c)) - 1)
/(sqrt (-(2*c*x + b)~2/c)*c~(3/2)) - sqrt(2)*e”(1/2x(2*cxx + b)~2/c)/sqrt(c
))*e~(2xa - 1/2*b~2/c)/sqrt(c) + sqrt(2)*(sqrt(pi)*(2*c*x + b)*b*(erf(sqrt
(1/2)*sqrt ((2*c*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(3/2)) + sqr
t(2)*cxe” (-1/2%(2xc*x + b)~2/c)/(-c)~(3/2))*e~(-2*%a + 1/2*%b~2/c)/sqrt(-c))

*e

3.32.8 Giac [A] (verification not implemented)
Time = 0.29 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.03
/(d + ex) sinh® (a + bz + cz?) dz

2 _4ac
V2/7(2 cd—be) erf(—% \/5\/E<2 m+%) ) e<bj§7) ) ee(_2 cx?—2br—2a)

_ e 1o ve
= 4 exr 2 de' 32 c
) b (_ b254l1:ac>
V3y/m(2 cd—be) erf (1 %(21+c>>e — 9 pp(2c®+2ba+20)
o 32c

3.32.  [(d+ex)sinh®(a + bz + cx?) dz
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input‘integrate((e*x+d)*sinh(c*x“2+b*x+a)”2,x, algorithm="giac")

output

-1/4*exx"2 - 1/2xd*x - 1/32*(sqrt(2)*sqrt(pi)*(2*cxd - b*e)*erf (-1/2xsqrt(
2)*sqrt(c)*(2*xx + b/c))*e”(1/2x(b"2 - 4*axc)/c)/sqrt(c) + 2xe*xe” (-2xc*x~2
- 2xb*x - 2*a))/c - 1/32x(sqrt(2)*sqrt(pi)*(2xc*d - bxe)*erf (-1/2*sqrt(2)*
sqrt(-c)*(2xx + b/c))*e”(-1/2%(b"2 - 4*axc)/c)/sqrt(-c) - 2xe*e” (2xc*x~2 +
2%bxx + 2*a))/c

3.32.9 Mupad [F(-1)]

Timed out.

/(d—l—ez) sinh’ (a + bz + c2?) dz = /sinh(cac2 +bz+a)2(d+ez) dz

inputtint(sinh(a + bxx + c*x"2)72%(d + e*x),x)

outputtint(sinh(a + bxx + c*xx72)72x(d + e*x), x)

3.32.  [(d+ex)sinh®(a + bz + cx?) dz
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s 1.2 2
3.33 f sinh®(a+bz+cz?) du

d+ex
3.33.1 Optimalresult . . . . ... .. .. . . ... 218
3.33.2 Mathematica [N/A] . . . . . .. .. 218
3.33.3 Rubi [N/A] . . . o oo 219
3.33.4 Maple [N/A] (verified) . . . . . . ... .. L 220
3.33.5 Fricas [N/A] . . . . . 220
3.33.6 Sympy [N/A] . . . . 220
3.33.7 Maxima [N/A] . . . . . . 221]
3.33.8 Giac [N/A] . . . . . 221]
3.33.9 Mupad [N/A] . . . . 221]

3.33.1 Optimal result

Integrand size = 21, antiderivative size = 21

/ sinh? (a + bz + cz?) i — _log(d + ex) N 1y cosh (2a + 2bz + 2cz?) .
d+ex 2e 2 d+ex ’

outputL—1/2*1n(e*x+d)/e+1/2*Unintegrab1e(cosh(2*c*x“2+2*b*x+2*a)/(e*x+d),x) J

3.33.2 Mathematica [N/A]

Not integrable

Time = 6.41 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

dz

/ sinh? (a + bz + cz?) gy — / sinh? (a + bz + cz?)
d+ex B d+ex

input

Integrate[Sinh[a + b*x + c*x72]72/(d + e*x),x]

N\

output‘Integrate[Sinh[a + bkx + cxx72]72/(d + exx), x]

3.33. [ omtlereie) gy
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3.33.3 Rubi [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {5917,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

. h2 b 2
/sm (a+ T + Ccx ) dz
d+ex

l 5917

/ cosh (2a + 2bz + 2cz?) 1 p
2(d + ex) 2d+ex) |

l’2009
1 / cosh (2cz? + 2bz + 2a) dp — log(d + ex)
2 d+ex 2e

input LInt [Sinh[a + b*x + c*x~2]"2/(d + e*x),x]

~—

output ‘ $Aborted

3.33.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5917‘Int[((d_.) + (e_)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)
» X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x~2]"n, x

\], x] /; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[n, 1]

3.33. [ omtlereie) gy
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3.33.4 Maple [N/A] (verified)
Not integrable
Time = 0.48 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

. 2 2
/smh(cm + bz + a) i
er+d

input Lint (sinh(c*x"2+bxx+a) "2/ (exx+d) ,x)

output Lint (sinh(c*x"2+b*x+a) ~2/ (exx+d) ,x)

3.33.5 Fricas [N/A]
Not integrable

Time = 0.25 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

. 2 2 . 2 2
/smh (a+bx+cx)dw:/81nh(cx +bx + a) i
d+ex e +d

input Lintegrate (sinh(c*x~2+b*x+a) "2/ (exx+d) ,x, algorithm="fricas")

output Lintegral(sinh(c*x’? + b*x + a)"2/(exx + d), x)

3.33.6 Sympy [N/A]

Not integrable

Time = 40.26 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

dzx

/ sinh? (a + bz + cz?) dp — / sinh? (a + bz + cz?)
d+ex d+ex

p
input tintegrate (sinh(c*x**2+b*x+a) **2/ (e*x+d) ,x)

e—

output LIntegral(sinh(a + bkx + cxx*kx2)**2/(d + e*x), x)

3.33. [ omtlereie) gy
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3.33.7 Maxima [N/A]

Not integrable

Time = 0.35 (sec) , antiderivative size = 72, normalized size of antiderivative = 3.43

. 2 2 . 2 2
/smh (a+bx+cx)d$=/smh(cx +bz+a) i
d+ex er +d

input‘integrate(sinh(c*x“2+b*x+a)”2/(e*x+d),x, algorithm="maxima")

output‘—1/2*log(e*x + d)/e + 1/4xintegrate(e”(2xc*x~2 + 2*b*x + 2xa)/(e*x + d), x
‘) + 1/4xintegrate(e” (-2*c*x~2 - 2*b*x)/(exx*e”(2*a) + d*e~(2*a)), x)

3.33.8 Giac [N/A]

Not integrable

Time = 0.33 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

dz

/ sinh? (a + bz + cz?) gy — / sinh (cz? + bz + a)’
d+ex B ex+d

inputLintegrate(sinh(c*x“2+b*x+a)”2/(e*x+d),x, algorithm="giac")

outputLintegrate(sinh(c*x“Q + b*x + a)72/(exx + d), x)

3.33.9 Mupad [N/A]

Not integrable

Time = 1.12 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

s 102 2 . 2 2
/smh (a+bzx+cx )dw_/smh(cx +bz+a) i
d+ex d+ex

input Lint(sinh(a + b*x + c*x72)72/(d + e*x),x)

—

outputtint(sinh(a + b*x + c*xx72)72/(d + e*x), x)

3.33. [ omtlereie) gy
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

222
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

4.1. Listing of Grading functions
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

4.1. Listing of Grading functions
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);

4.1. Listing of Grading functions
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;

4.1. Listing of Grading functions
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions

der
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation
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	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 ^2(a+b x-c x^2)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 x^2 ^2(1  4+x+x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [C] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 x ^2(1  4+x+x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [C] (verification not implemented)
	Giac [C] (verification not implemented)
	Mupad [F(-1)] 

	 ^2(1  4+x+x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [C] (verification not implemented)
	Giac [C] (verification not implemented)
	Mupad [F(-1)] 

	 ^2(1  4+x+x^2)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (d+e x)^2 (a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 (d+e x) (a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 (a+b x+c x^2)  d+e x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (d+e x)^2 ^2(a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 (d+e x) ^2(a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 ^2(a+b x+c x^2)  d+e x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
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